TWISTOR THEORY FOR CR QUATERNIONIC MANIFOLDS AND 

RELATED STRUCTURES 



s. marchiafava, l. ornea, r. pantilie 
Abstract 

In a general and non metrical framework, we introduce the classes of CR quaternionic 
and co-CR quaternionic manifolds, both containing the class of quaternionic mani- 
folds, whilst in dimension three they particularize to, essentially, give the conformal 
manifolds and the Einstein-Weyl spaces, respectively. We show that these manifolds 
have a rich natural Twistor Theory and, along the way, we obtain a heaven space 
construction for quaternionic (-Kahler) manifolds. 

Introduction 

It is well known that the (four-dimensional) anti-self-dual manifolds and the three- 
dimensional Einstein-Weyl spaces admit similar twistorial structures (see |18j ) . Fur- 
thermore, from the point of view of Twistor Theory, the anti-self-dual manifolds are 
just four-dimensional quaternionic manifolds (see [TO] ). 

This raises the obvious question: is there a natural class of manifolds, endowed with 
twistorial structures, which contains both the quaternionic manifolds and the three- 
dimensional Einstein-Weyl spaces? 

On the other hand, an apparently unrelated question is the following: is there a 
quaternionic version of CR Geometry? 

In this paper, where the adopted point of view is essentially non metrical, we answer 
in the affirmative to these two questions by introducing in a general framework the 
notions, essentially dual to each other, of co-CR quaternionic and CR quaternionic 
manifolds, respectively, and we initiate the study of their twistorial properties. 

As it is customary, in order to define a differential geometric structure, one has to: 

(i) Define and study the corresponding notion within the category of vector spaces 
(giving the structure, up to an integrability condition); 

(ii) Give the corresponding integrability condition. 

In our case, to settle (i) , we introduce and study the (co-)CR quaternionic vector 
spaces. To understand these, firstly, recall (see [TO] and, also. Section O, below) that a 
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linear quaternionic structure, on a vector space , is an equivalence class of morphisms 
of associative algebras cr : HI — > End(£') , where two such morphisms are equivalent if 
they are equal, up to the composition with an automorphism of EI ; then the elements 
of cj(5^), S'^ C ImH , are the corresponding admissible linear complex structures on E . 

Secondly, recall that any linear CR structure on a vector space U is induced by an 
injective linear map from U to a complex vector space {E, J) such that U + J{U) = E 
(see Section [1]). 

Now, a linear CR quaternionic structure on a vector space U is given by an injective 
linear map from [/ to a quaternionic vector space E such that U + J{U) = E , for any 
admissible linear complex structure J on E . Further, by duality, we obtain the notion 
of linear co-CR quaternionic structure (Section [3]). 

Noteworthy, the study of the corresponding (co-)CR quaternionic linear maps reveals 
the existence of a faithful covariant functor from the category of (co-)CR quaternionic 
vector spaces to the category of holomorphic vector bundles over CP^ (Theorem 14.61 ). 
This leads to the classification of (co-)CR quaternionic vector spaces (Corollarv 14.101 ). 

The existence of this functor, also, gives a first indication that (ii) should be tackled 
within the framework of Twistor Theory. Another motivation for this is the fact that 
an almost quaternionic structure is integrable (in the sense of [22] ) if and only if there 
exists a compatible connection such that the associated almost twistorial structure be 
integrable (see [IHl Remark 2.10(2)] ). 

Therefore, to settle (ii) , we introduce suitable almost twistorial structures (see the 
paragraphs before the Definitions 16.61 and 18.31 ). 

These constructions are motivated, also, by Theorems 16.81 and 18.61 . Furthermore, al- 
though both CR quaternionic and co-CR quaternionic manifolds contain, as particular 
cases, the quaternionic manifolds, in dimension three the former essentially gives the 
(three-dimensional) conformal manifolds endowed with the twistorial structure of |16j . 
Similarly, the twistor space of a CR quaternionic manifold M is a CR manifold Z. We 
prove (Theorem 17.31 ) that the CR structure of Z is induced by local immersions of Z 
into complex manifolds if and only if the CR quaternionic structure of M is induced 
by an embedding of M in a (germ unique) quaternionic manifold such that TN\m 
is generated, as a quaternionic vector bundle, by TM; we call N the heaven space of 
M. In particular, any real analytic CR quaternionic manifold admits a heaven space. 

A manifold may be endowed with both a CR quaternionic and a co-CR quater- 
nionic structure which are compatible. This gives the notion of f -quaternionic man- 
ifold, which, obviously, has two twistor spaces. The simplest example is provided by 
the three-dimensional Einstein-Weyl spaces, endowed with the twistorial structures of 
|16j and [9] , respectively. Also, the quaternionic manifolds may be characterised as 
/-quaternionic manifolds for which the two twistor spaces coincide. 

Other examples of /-quaternionic manifolds are the Grassmannnian Gr^(/ + 3, M) of 
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oriented three-dimensional vector subspaces of M!^^ and the flag manifold M of two- 
dimensional complex vector subspaces of C^""'"^(= ]HI"+^) which are isotropic with re- 
spect to the underlying complex symplectic structure of C^"^^, (/, n > 1) . The twistor 
spaces of their underlying co-CR quaternionic structures are the hyperquadric Qi+i 
of isotropic one-dimensional complex vector subspaces of C'+^ and M itself, respec- 
tively. Also, their heaven spaces are the well-known quaternionic (-Kahler) manifolds 
Gr4"(l + 4,R) and Gr2(2n + 2,C) , respectively (see Examples 19.61 and 19.71 . for details). 
Another natural class of /-quaternionic manifolds is described in Example 19.81 . 

The notion of almost /-quaternionic manifold appears, also, in a different form, in 
|12j . However, there it is not considered any adequate integrability condition. Also, in 
[6] , [1] and [5] are considered, under particular dimensional assumptions and/or in a 
metrical framework, particular classes of almost /-quaternionic manifolds. 

Let N be the heaven space of a real analytic /-quaternionic manifold M, with 
dim A'^ = dim M + 1 . If the connection of the /-quaternionic structure on M is in- 
duced by a torsion free connection on M then the twistor space of N is endowed with a 
natural holomorphic distribution of codimension one which is transversal to the twistor 
lines corresponding to the points of A \ M. Furthermore, this construction also works 
if, more generally, M is a real analytic CR quaternionic manifold which is a q-umbilical 
hypersurface of its heaven space N. Then, under a non-degeneracy condition, this dis- 
tribution defines a holomorphic contact structure on the twistor space of N. Therefore, 
according to |17j , it determines a quaternionic-Kahler structure on N \ M. 

Moreover, we show that this heaven space construction for quaternionic-Kahler ma- 
nifolds has the adequate level of generality. Consequently, the 'quaternionic contact' 
manifolds of [6] and [7] (see, also, [1] ) are nondegenerate q-umbilical CR quaternionic 
manifolds. 

We mention that the notions introduced in this paper are discussed and compared 
through several examples. Also, some embedding and decomposition results, reducing 
the study to special examples of (co-)CR quaternionic structures, are given (Corollary 
KTU\ . Theorem O, Corollary [73] and Theorem El) . 

It is well known (see, for example, and the references therein) that the three- 
dimensional Einstein- Weyl spaces are one of the basic ingredients in constructions of 
anti-self-dual (Einstein) manifolds. One of the aims of this paper is to give a first 
indication that the study of (co-)CR quaternionic manifolds will lead to a better un- 
derstanding of quaternionic (-Kahler) manifolds. 

1. Linear CR and co-CR structures 

Unless otherwise stated, all the vector spaces are assumed real and finite dimensional 
and all the linear maps are assumed real. 

A linear complex structure on a vector space U is a linear map J : U U such that 
J2 = -idu . Then =U-^®TF where U'^ is the eigenspace of (the complexification 
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of) J corresponding to — i . It is well known that, conversely, a linear complex structure 
on U is given by a complex vector subspace C C U'^ such that = C © C. More 
generally, we have the following, mutually dual, definitions. 

Definition 1.1. Let be [/ a vector space and C C JJ^ a complex vector subspace. 

1) C is a linear CR structure on [/ if C H C = {0}. 

2) C is a linear co-CR structure onU ii C + C = . 

A complex vector subspace C C U'^ is a linear CR structure on U if and only if its 
annihilator C*^ = { a € {U^^ \ a\c = } is a linear co-CR structure on U* . 

Let U and U' be vector spaces endowed with linear (co-)CR structures C and C", 
respectively. A (co-)CR linear map is a linear map t : {U,C) — )• {U',C') such that 
t{C) C C'. 

Let (E, J) be a complex vector space (that is, J is a linear complex structure on E). 
If L : U — > is an injective (real) linear map is a linear CR structure 

on U, where E'^ is the eigenspace of J corresponding to — i . Dually, if p : E ^ U is a 
surjective linear map then p[E'^^ is a linear co-CR structure on U. 

Since we are interested only in 'generically induced (co-)CR structures', in the fol- 
lowing definition, we omit the term 'generic' (cf. [21] ): 

Definition 1.2. Let U he a vector space and let {E, J) be a complex vector space. 

1) Let L : U E he an injective linear map. We say that {l, J) induces a linear CR 
structure on U if imz. -|- J(imz.) = E. 

2) Let p : E ^ U he a surjective linear map. We say that {p, J) induces a linear 
co-CR structure on U if ker p n J(ker p) = {0} . 

Let {E, J) be a complex vector space. Then E* is endowed with the complex struc- 
ture J* given by the opposite of the transpose of J; equivalently, the eigenspace of J* 
corresponding to — i is the annihilator of the eigenspace of J corresponding to — i . 

Proposition 1.3. Let l : U E be an injective linear map and let l* : E* ^ U* be 
its transpose. Then the following assertions are equivalent: 

(i) {l, J) induces a linear CR structure on U . 

(ii) (t*, J*) induces a linear co-CR structure on U* . 

Moreover, if (i) or (ii) holds then the linear co-CR structure induced by {i*,J*) is 
the annihilator of the linear CR structure induced by (i, J) . 

To prove Proposition 11.31 we need the following lemma. 

Lemma 1.4. Let t : E E' be a (real or complex) linear map and let B C E' be a 
vector subspace. Then t*(^B^^ = (t~^(i?)) , where t* : E'* E* is the transpose oft 
and C £"* is the annihilator of B. 

Proof. Let a G {t^^{Byf . Then Q|kert = and, hence, there exists j3 € (imt)* such 
that a = f3 o t . As a|t-i(B) = we have /3\Bn{imt) = 0- Thus, we can extend /S 
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to E' such that /3|b = 0. Thus, a G t*{B^) . The inclusion t*{B°) C {t-^{B)) is 



From Proposition 11.31 and Lemma 11.41 it follows quickly that a linear map is CR if 
and only if its transpose is co-CR linear. 

The proof of the following proposition is omitted. 

Proposition 1.5. Let U be a vector space, (E, J) a complex vector space and i : U E 
an injective linear map; denote by 2k the (real) dimension of E and by I the codimension 
of im L in E. 

Let C = (E-^) . The following assertions are equivalent: 

(i) (i, J) induces a linear CR structure on U . 

(ii) C (B C has complex codimension I in U'^ . 

(iii) C has complex codimension k in . 



In particular, if one of the assertions (i) , . . . , (v) holds then I < k. 

The next result follows quickly from the equivalence (i)<^=^(v) of Proposition 11.51 . 

Corollary 1.6. Let l : U E and t' : U' ^ E' be injective (real) linear maps from the 
vector spaces U and U' to the complex vector spaces {E,J) and {E',J'), respectively. 
Suppose that {l, J) and (t', J') induce linear CR structures on U and U' , respectively. 
Let t : U ^ U' be a map. Then the following assertions are equivalent: 

(i) t is a CR linear map. 

(ii) There exists a complex linear map t : (E, J) — ?> {E' , J') with the property 
i' ot = to i . 

Furthermore, if (i) holds then there exists a unique t satisfying (ii) . 

With the same notations as in Corollarv 11.61 . if t and t are injective and U = Ef] U', 
we say that U is a CR vector subspace of U'. 

As duals of Proposition 11.51 and Corollary 11.61 . we have, respectively. 

Proposition 1.7. Let U be a vector space, {E, J) a complex vector space and p : E U 
a surjective linear map; denote 2k = dim E and I = dim ker p. 
Let C = piyE^^. The following assertions are equivalent: 

(i) (/3, J) induces a linear CR structure on U. 

(ii) C nC has complex dimension I. 

(iii) C has complex dimension k. 



obvious. 



□ 




iv) (im if +E-^ = E^ . 

v) L induces a complex linear isomorphism U'^/C = E. 



(iv) (ker p)^ n E^ 



{0}. 
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(v) p induces a complex linear isomorphism C = E. 
In particular, if one of the assertions (i) , . . . , (v) holds then I < k. 

Corollary 1.8. Let p : E U and p' : E' ^ U' be surjective (real) linear maps from 
the complex vector spaces {E, J) and (£", J') to the vector spaces U and U' , respectively. 
Suppose that {p, J) and (p' , J') induce linear co-CR structures on U and U' , respectively. 
Let t : U ^ U' be a map. Then the following assertions are equivalent: 

(i) t is a co-CR linear map. 

(ii) There exists a complex linear map t : (E, J) — ?> {E' , J') with the property 
p' ot = to p . 

Furthermore, if (i) holds then there exists a unique t satisfying (ii) . 

With the same notations as in Corollarv ll.81 . we say that ^7 is a co-CR vector subspace 
of U' if t and fare injective and r^C") = C, where C = p{E-^) and C = p'[E'-^') . 

2. Linear /-structures 

Lemma 2.1. Let C and D be linear CR and co-CR structures, respectively, on a vector 
space U. Then the following assertions are equivalent. 
{{) D = C ®{Dr\D) . 

(ii) c = Dr\{c®c). 

Furthermore, if assertion (i) or (ii) holds then = {D r] D) ® C ® C. 

Proof. By duahty it is sufficient to prove (i)=>(ii) . Suppose that (i) holds. Then 

dim(i:> +13) = d\mD + dimU - dim(i:> n I)) = dimC + dimC + dim(i:» n 13) . 

Also, we have D +13 = {C ®C) + {D r\T3) , and, hence, 

dim(L> + 13) = d\mC + dimC + dim(D n I^) - dim((C C) n L> n D) . 

From first and third equality we get {C®C)r\Dr\13 = {0} and then we get Df^{C®C) = 
(C © (D n D)) n (C © C) = C , that is (ii). Last assertion follows from second and 
forth equality and the fact that D is a co-CR linear structure. □ 

Let C and D be linear CR and co-CR structures, respectively, on a vector space 
U . We say that C and D are compatible if they satisfy assertion (i) or (ii) of Lemma 
12.11 . Note that, C and D are compatible if and only if the annihilators and , 
respectively, are compatible (see, also. Proposition 12.21 . below). 

A linear f -structure on a vector space U is an endomorphism F € End(J7) such that 
F^ + F = {). As an immediate consequence of the last assertion of Lemma [2. II we have. 

Proposition 2.2. Let U be a vector space. There exists a natural bijective correspon- 
dence F I—)- (C, D) between linear f -structures F on U and pairs (C, D) of compatible 
linear CR and co-CR structures, respectively, on U; the correspondence is given by 
the condition that D f] D and C be the eigenspaces of F corresponding to and — i , 
respectively. 
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Let U and U' be vector spaces endowed with linear /-structures F and F' , respec- 
tively. An f -linear map is a linear map t : {U, F) ([/', F') such that t o F = F' o t. 

A map between vector spaces, endowed with linear /-structures, is /-linear if and 
only if it is both CR and co-CR linear with respect to the corresponding linear CR and 
co-CR structures. 

Let U he a vector space endowed with a linear /-structure F. Let V = keiF and 
E = U (BV- Denote hy l : U E and p : E ^ U the corresponding inclusion and 
projection, respectively. Then there exists a unique linear complex structure J on E 
such that {l, J) and (p, J) induce the linear CR and co-CR structures, respectively, 
which correspond to F. 

Conversely, let U he a vector space and let {E, J) he a complex vector space. Also, 
let L : U E and p : E ^ U he injective and surjective linear maps, respectively, 
such that po i = Id;/. Suppose, further, that {i, J) and {p, J) induce on U the CR and 
co-CR linear structures C and D, respectively. If C and D are compatible we say that 
(i, p, J) induces a linear f -structure on U. 

Proposition 2.3. Let U and U' be vector spaces and let {E, J) and (E' , J') be complex 
vector space. Let l : U ^ E and p : E ^ U be injective and surjective linear maps, 
respectively, such that {l,p,J) induces the linear f -structure F on U. Also, let l' : 
U' — 7> E' and p' : E' ^ U' be injective and surjective linear maps, respectively, such 
that {l',p',J') induces the linear f -structure F' on U' . 

Let t : U ^ U' be a map. Then the following assertions are equivalent: 

(i) t is an f -linear map. 

(ii) There exists a complex linear map t : {E, J) {E' , J') with the properties 
i' ot = t o i and p' ot = to p . 

Furthermore, if (i) holds then there exists a unique t satisfying (ii) . 

Proof. Let C, D he the linear CR, co-CR structures, respectively, corresponding to 
F and C',D' he the linear CR, co-CR structures, respectively, corresponding to F' . 
Suppose that t is /-linear and let tc and to he the complex linear maps from E to 
E' induced by the CR linear map t : {U,C) — t- (U',C') and the co-CR linear map 
t : {U,D) — )• {U',D') , respectively. By Corollaries 11.61 and 11.81 it is sufficient to prove 
that tc = tf) . Now, tf) = t'^ljy, under the complex linear isomorphism E = D induced 
by p , whilst tc is the map induced by t'^ through the complex linear isomorphisms 
E = U^/C and E' = U'^/C. As U^^= {L)nD)®C®CandD = {DnD)®C (and, 
similarly, for U''^ and D'), we have tc = to . □ 

3. CR QUATERNIONIC AND CO-CR QUATERNIONIC VECTOR SPACES 

Let EI be the associative algebra of quaternions. The automorphism group of EI is 
S0(3) acting trivially on M and canonically on ImEI (= M^) . 

A linear hypercomplex structure on a vector space is a morphism of associative 
algebras from H to End(-E) . A hypercomplex vector space is a vector space endowed 
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with a linear hypercomplex structure [2] . 

A linear quaternionic structure on a vector space E is an equivalence class of mor- 
phisms of associative algebras from H to End(y) where two such morphisms a and 
r are equivalent if there exists a G S0(3) such that t = a o a. A quaternionic vector 
space is a vector space endowed with a linear quaternionic structure (see [TU] ). 

Let E he a quaternionic vector space. Any representant of the linear quaternionic 
structure of E is called an admissible linear hypercomplex structure on E. Let a be an 
admissible linear hypercomplex structure on E and denote Q = o"(ImEI) , Q = o"(IHI); 
obviously, Q and Q depend only of the linear quaternionic structure of E. Let Z be 
the unit sphere of Q ; then any J G Z is an admissible linear complex structure on E. 

Let fj be an admissible linear hypercomplex structure on a quaternionic vector space 
E. Define a* : IH — )• End(£'*) by (T*{q) is the transpose of o-{q), {q £ M) . Then a* is 
a linear hypercomplex structure on E* . Furthermore, the induced linear quaternionic 
structure on E* depends only of the linear quaternionic structure of E. 

Definition 3.1. A linear CR quaternionic structure on a vector space [/ is a pair 
(E, l) where E \s a. quaternionic vector space and l '.U ^ E is an injective linear map 
such that (t, J) induces a linear CR structure on [/, for any J £ Z. If, further, E is 
hypercomplex then [E, i) is a linear hyper-CR structure on U . A CR quaternionic vector 
space {hyper-CR vector space) is a vector space endowed with a linear CR quaternionic 
structure (linear hyper-CR structure). 

A linear co-CR quaternionic structure on [/ is a pair {E,p) with p : E ^ U a 
(surjective) linear map such that {E* , p*) is a linear CR quaternionic structure on U* . 
Similarly, the notion of linear hyper-co-CR structures is defined, by duality. Then the 
co-CR quaternionic and hyper-co-CR vector spaces are defined accordingly. 

Let {E, l) and {E, p) be linear CR quaternionic and co-CR quaternionic structures, 
respectively, on U . Then {E, l) and {E, p) are compatible if p o l = Idu and, for 
any J £ Z, the linear CR and co-CR structures induced on U by {l, J) and {p, J) , 
respectively, are compatible. 

Definition 3.2. A linear f -quaternionic structure on a vector space U is a pair (E, V) , 
where £^ is a quaternionic vector space such that U,V E, E = U (BV and J{V) C U, 
for any J d Z . If, further, E is hypercomplex then (E', V) is a linear hyper- f -structure 
on [/. An f -quaternionic vector space {hyper-f vector space) is a vector space endowed 
with a linear /-quaternionic structure (linear hyper-/-structure). 

Let ([/, E, V) be an /-quaternionic vector space; denote hy l : U E the inclusion 
and hy p : E ^ U the projection determined by the decomposition E = U (B V ■ Then 
(E, l) and (E, p) are linear CR-quaternionic and co-CR quaternionic structures, respec- 
tively; moreover, they are compatible. Any pair of compatible linear CR-quaternionic 
and co-CR quaternionic structures arise this way from a linear /-quaternionic structure 
(cf. Proposition 12.21 ). 
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Proposition 3.3. Let {U,E,V) be an f-quaternionic vector space, with diuiE = Ak, 
dim V = I. 

(i) The quaternionic vector subspace of E generated by V has dimension 41 ; in 
particular, k > I . 

(ii) n jgz '^(^) dimension Ak — 31 and U H jez "^(^) ^ quaternionic vector 
subspace of E, of real dimension 4(A; — /) . 

(iii) We have U = Q{V) W and f]j^z -^i^) = y ®W, where Q{V) is the vector 
space generated by J2jez '^(^) '^^^ W = U Ci Cl j^z '^(^) ■ 

Moreover, for any positive orthonormal frame (I, J, K) of Q 

Q{V) = I{V) ® J{V) ® K{V) . 

Proof. Let (/, J, K) be a positive orthonormal frame of Q . Define ij) : ^ U hy 
ij{a, b, c) = Ia + Jb + Kc, for any (a, b, c) G V^. From UnV = {0} and J{V) C U, 
{J £ Z) , we obtain ip injective. As the quaternionic vector subspace of E generated by 
V is equal to ^ ©im ip , this implies assertion (i) . Let (/, J, K) be a positive orthonormal 
basis of Q. It is easy to prove that I{U) n J{U) n K{U) = f]ji^z '^'i^) ■ applying 
Proposition 11.51 we obtain 

(3.1) dim( J(C/) n K{U)) = dim(C/ n /([/)) = Ak - 21 . 
Note that, we have 

(3.2) u = i{v)e{uni{u)) . 

By applying / and, successively, by circular permuting (/, J,K), 

i{u) = v®{uni{u)) , J{u) = v ®{ur\j{u)) , k{u) = v (b {u nK{u)) . 

Therefore, 

J{U) n K(u) = ve{ur\ J{u) n k{u)) , 
^^■^^ i{u)r\J{u)r\K{u) = v®w. 

As I{I{U) n J{U) n K{U)) = [/ n J{U) n K{U) , from dal]) and the first relation of 
(1331) it follows quickly that dim(/(C/) n J(C/) n K{U)) = 4k - 31 . Together with the 
second relation of ()3.3p this implies that dim W = 4k — 41 . Since W is the largest 
quaternionic vector subspace of E contained by U, the proof of (ii) is complete. From 
(1231) it fohows that U n I{U) = J{V) © K{V) © W which together with ([22]) implies 
(iii) and last statement is also true. □ 

Now, we give examples of (co-)CR quaternionic vector spaces. 

Example 3.4. 1) Let be endowed with its canonical linear quaternionic and Eu- 
clidean structures. Let y = + M(i,j) C and denote U = V^; obviously, 
dim [/ = 5 . Then V r\qV = {0} for any g G 5^ C ImM and it follows that (f/, M^) is a 
CR quaternionic vector space. We, also, have \U n n MJ = {0} . 

2) Similarly, if U is the orthogonal complement of M'^ + M(i,j,k) in 'M? then {U,'M?) 
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is a CR quaternionic vector space such that iU n j[/ fl kU = {0} . Note that, if we 
identify = x {0} C then ([/ n H^, H^) is the CR quaternionic vector space of 
Example Ea^l) . 

3) Let E = M'' and let U = (ImH)' x M^"', for some k >l. Then {U,E,V) is an 
/-quaternionic vector space, where y = M' x {0} C E. 

The next result gives, in particular, a necessary and sufficient condition for a CR 
quaternionic vector space to be /-quaternionic (with respect to a suitable complement). 

Proposition 3.5. Let {U,E,l) be a CR quaternionic vector space and let W be the 
largest quaternionic vector subspace of E contained by U ; denote Ak = dim E , Ak' = 
dimVF and by I the codimension of U in E. Then k — k' < I < 2{k — k') . Moreover, 
I = k — k' if and only if there exists V C. E such that {U,E,V) is an f -quaternionic 
vector space. 

Proof. We may suppose k' = . Otherwise, we replace E and U by E' and U Ci E' , 
respectively, where E' is a quaternionic complement of W in E. Then we, firstly, show 
that / < 2k. Indeed, this is equivalent to dimC/ > ^dimE which if it does not hold 
then from the diagram of Section [J], below, it follows that E^'^ is (isomorphic to) a 
trivial holomorphic vector bundle, a contradiction. Now, let (J, J, K) be a positive 
orthonormal basis of Q . As U (1 1{U) n J{U) n K{U) = = {0} , we have dim(/([/) n 
J{U) n K{U)) < / and a similar inequality applies to C/ n I{U) n J{U) = K{Un I{U) n 
J{U)) . Together with the obvious relation [U n /([/)) + (C/ n J{U)) C JJ this gives 

4.k-l> dim(;7 n /([/)) + dim(C/ n J{U)) - dim(C/ n I{U) n J{U)) 
> {Ak - 21) + {Ak -2l)-l = 8k-5l. 

Hence I > k. Moreover, if / = A; then dim(f7 fi I{U) H J{U)) = I ; equivalently, V = 
I{U)nJ{U)nK{U) is a complement of U in E. As, obviously, I{V) , J{V) , K{V) C U, 
we obtain that {U, E, V) is an /-quaternionic vector space. Now, by Proposition 13.31 . 
if ([/, E, V) is an /-quaternionic vector space and /c' = then I = k . The proof is 
complete. □ 

Note that, with the same notations as in Proposition 13.51 we have dimC/ >2k + 1 . 
Moreover, this lower bound is attained as the first of the following two examples shows. 

Example 3.6. 1) Let gi , . . . , qk+i G S^, (A; > 1) , be such that qi ^ ±qj , if i ^ j . 
For j = 1, . . . , k let Cj = {0, . . . , 0, qj, qj+i, 0, . . . , 0) . Denote Vq = K and, for > 1 , 

j-l k-j 

let Vfc = M'^+i + Mei + . . . + Mcfe . If we denote Uk = Vj^ then (C/fc,EI^+i) is a CR 
quaternionic vector space. Note that, dimUk = 2k + 3 , Uq = ImH, and Ui = U of 
Example 13.4( 1) (similar generalizations can be, also, given for Example 13.41^ 2) ). 

2) Let Vq = {0} and, for A: > 1 , let be the vector subspace of IH^'^+^ formed of all 
vectors of the form {zi ,zl + Z2i , Z3 -z^i , . . . , Z2k-i + Z2k] , -z^i) , where zi,...,Z2k 
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are complex numbers. If we denote Uj^ = then (C/^, H^*^"^^) is a CR quaternionic 
vector space. Note that, dim = 4A: + 4 , and Uq = M. 

Corollary 3.7. Let {U,E,l) be a CR quaternionic vector space with codim^jC/ < 2. 
Then there exists V E such that (U, E, V) is an f -quaternionic vector space. 

Proof. With the same notations as in Proposition 13.51 . we deduce I = k — k' . □ 

Proposition 3.8. Let {U,E,V) be an f -quaternionic vector space. Then for any po- 
sitive orthonormal frame (/, J, K) of Q we have 

p{E^)np{E')np{E^) = {0}, 

and, hence, 

n p{E') = {0} . 

Jez 

Proof Let dim^; = Ak, dimV = I , {k > I) . As dimc(S^) = dimc{E-^) = 2k and 
E^ r\E-^ = {0} we have E^ = E^ ® E-^ . Hence, we also have p{E^) + p{E-^) = . 
It follows quickly that F = p{E^^ fi p^E"^^ has complex dimension / . Moreover, as a 
similar statement holds for the /-quaternionic vector space [Q{V),V (B Q{V),V) we 
have that F is contained by the complexification of F © Qi^) ■ Hence, it is sufficient 
to consider the case k = I . \iU = QiV) then U H E^ = ( J + iK)(y) and similarly for 
J and K. Thus, we have to show that 

{L{v) © (J + \K){v)) n {J{v) ®{K + u){v)) n {k{v) © (/ + u){v)) = {0} . 

By using the fact that Q{V) = L{V) © J{V) © K{V) , the proof follows. □ 

Corollary 14. 101 and Theorem IB. 41 below, give a useful decomposition of a CR quater- 
nionic vector space into a canonically defined /-quaternionic vector space and a 'pure' 
CR quaternionic vector space (dually a similar decomposition exists for co-CR quater- 
nionic vector spaces). 

4. CR QUATERNIONIC AND CO-CR QUATERNIONIC LINEAR MAPS 

Firstly we recall the definition of quaternionic linear maps (see jlOj ) . 

Definition 4.1. Let E and E' be quaternionic vector spaces. Let t : E ^ E' he a. 
linear map and let T : Z — > Z' be a map, where Z and Z' are the spaces of admissible 
linear complex structures of E and E' , respectively. Then t : E ^ E' is a quaternionic 
linear map, with respect to T, if for any J G Z we have to J = T(J) o t. 

The following definitions are natural generalizations (see, also. Definition 15. ip . 

Definition 4.2. Let {U,E,l) and {U',E',l') be CR quaternionic vector spaces and let 
t : U ^ U' and T : Z ^ Z' be maps, where Z and Z' are the spaces of admissible 
linear complex structures of E and E', respectively. Then t : {U,E,i) {U',E',i') is 
CR quaternionic linear, with respect to T, if there exists a linear map t : E ^ E' which 
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is quaternionic, with respect to T, and such that l' o t = t o l . 

By duahty, we obtain the notion of co-CR quaternionic linear map. 

Note that, if (C/, E, i) is a CR quaternionic vector space then the inclusion l : U E 
is CR quaternionic hnear (with respect to the identity map Z ^ Z). Dually, if (U, E, p) 
is a co-CR quaternionic vector space then the projection p : E ^ U is co-CR quater- 
nionic linear. 

Let {U,E,l) be a CR quaternionic vector space and let Z{= S"^) be the space of 
admissible linear complex structures of E. For (J G Z), we denote U"^ = t'^^E"^^ 
where E"^ is the eigenspace of J corresponding to — i, (J € Z). Dually, = p{E'^^ 
for a co-CR quaternionic vector space {U, E, p) . 

Proposition 4.3. Let {U,E,l) and {U',E',l') be CR quaternionic vector spaces. Let 
t : U ^ U' be a nonzero linear map and let T : Z ^ Z' be a map. 
Then the following assertions are equivalent: 

(i) t is CR quaternionic, with respect to T. 

(ii) T is a holomorphic diffeomorphism and, for any J & Z , we have 
(4.1) t{U-^) C (C/')^(^) . 

Furthermore, if assertion (i) or (ii) holds then there exists a unique linear map t : 
E ^ E' which is quaternionic, with respect to T , and such that l' ot = to l . 

The dual statement holds true, for nonzero linear maps between co-CR quaternionic 
vector spaces. 

Proof. It is obvious that if (i) holds then ()4.ip holds, for any J ^ Z. If, further, t 7^ 0, 
the fact that T is a holomorphic diffeomorphism is an immediate consequence of [10^ 
Proposition 1.5] . This proves (i)^^(ii) . To prove the converse, let £" = Z x S — )• Z be 
the complex vector bundle whose fibre over each J € Z is {E, J) . Alternatively, £ is 
the quotient of the trivial holomorphic vector bundle Z x i?*^ through the holomorphic 
vector bundle E^'^ — )• Z, whose fibre over each J G Z is E^ . It follows that £" is a 
holomorphic vector bundle, over Z = CP^, isomorphic to 2kO{l) , where diuiE = Ak 
and 0(1) is the dual of the tautological line bundle over CP^. Moreover, from the 
long exact sequence of cohomology groups of — > E^'^ — > Z x E'^ — > £ — > we 
obtain a natural complex linear isomorphism E^ = H^{Z,£) . Obviously, U = Z x U 
is a CR submanifold of £ (equivalently, for any {J,u) € U, the complex structure of 
Tj-j^^^f" induces a linear CR structure on T(^j^^-^U). Define, similarly, £' and W and 
note that ()4.ip holds, for any J G if and only if there exists a (necessarily unique) 
morphism of complex vector bundles T : £ ^ £' , over T, such that T\u = T x t (this 
follows from Proposition II. 51 ). Thus, if (ii) holds then, by identifying Z = Z'{= CP^) , 
T = Idz, there exists a holomorphic section T of Homc(^', £') such that T\u = x t- 
Then T induces a complex linear map r : E"^ — > (£")^ such that t\u = t and, for 
any J G Z, we have t{E'^) C {E'Y ; moreover, r descends to the complex linear map 
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7j : {E, J) — > (£", J) . It follows that t = Tj Q) T-j , {J £ Z) , and, in particular, r is 
the complexification of some (real) linear map t : E ^ E' . This completes the proof of 
(ii)^(i) . □ 



Remark 4.4. Let (C/, E) and ([/', E') be CR quaternionic vector spaces. Let t : U ^ U' 
be a linear map such that (|4.ip holds, for any J Z, with respect to some map 
T : Z Z'. With the same notations as in the proof of Proposition 14.31 . the following 
assertions are equivalent: 

(a) t is CR quaternionic, with respect to T. 

(b) Tji = Tjj, for any Ji, J2 S Z. Furthermore, if assertion (a) or (b) holds then 
t = Tj, {J € Z) , is a linear map from E to E' which is quaternionic, with respect to 
r, and such that t\if = t. 

If, further, T is holomorphic, then T = tp oTi for some unique holomorphic section 
7i of Homc(^,T* (£"')) , where '■ T*[£') — )• £' is the canonical bundle map, and the 
following assertion can be added to the above list: 
{c)Ti{H^{Z,£)) cr{H%Z',£')). 



The remark can be easily reformulated for co-CR quaternionic linear maps. 
Let E he a. quaternionic vector space, E^'^ the holomorphic vector subbundle of 
Z X E"^ whose fibre over each J G Z is E'^ , and £ the quotient of Z x E^ through E^'^. 



Definition 4.5. 1) Let {U,E,l) be a CR quaternionic vector space. U = E^'^n{ZxU''^) 
is called the holomorphic vector bundle of {U, E, l) . 

2) Let {U, E, p) be a co-CR quaternionic vector space. The holomorphic vector bundle 
of {U, E, p) is the dual of the holomorphic vector bundle of ([/*, E* , p*) . 



Next, we explain how the holomorphic vector bundle U of a co-CR quaternionic 
vector space (C/, E, p) can be constructed directly, without passing to the dual CR 
quaternionic vector space. For this, note that, with the same notations as above, p 
induces an injective morphism of holomorphic vector bundles E^'^ — >■ Z x U'^ . Then 14 is 
the quotient of Z x U'^ through E^'^. Furthermore, we have the following commutative 
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diagram, where TZ is the 'twistorial representation' of p: 





Z X ker/9^ 



'0,1 



'C 



Z X E' 

Id^xpC 

Z xU'^ — 



Z X kerp*^ 



n 



■U 





Then, similarly to the proof of Proposition 14.31 . there exists a natural complex linear 
isomorphism U'^ = H^{Z,IA) . Moreover, the conjugation of C/^ (-^^ ) induces a con- 
jugation (that is, an antiholomorphic diffeomorphism) on U {£) which descends to the 
antipodal map on Z. Then there exists a natural isomorphism between U and the 
vector space of holomorphic sections of lA which intertwines the conjugations. 

Also, note that H^{Z,U) = (this follows, for example, from the long exact sequence 
of cohomology groups determined by the second row of the above diagram) . 

Let {U,E,p) and {U',E',p') be co-CR quaternionic vector space and let U and U' , 
respectively, be their holomorphic vector bundles. Let t : {U,E,p) — > {U',E',p') be 
a co-CR quaternionic linear map, with respect to some map T : Z ^ Z' . Then t 
induces a morphism of holomorphic vector bundles T :IA which intertwines the 

conjugations. Furthermore, the above diagram can be easily generalized with t and T 
instead of p and TZ. 

Theorem 4.6. There exists a covariant functor T from the category of co-CR quater- 
nionic vector spaces, whose morphisms are the co-CR quaternionic linear maps, to the 
category of holomorphic vector bundles over CP^, given by J~{U) = lA and J-{t) = T. 

Moreover, if T{U) = U and T{U') = W then for any morphism of holomorphic 
vector bundles T : U ^ W , which intertwines the conjugations, there exists a unique 
co-CR quaternionic linear map t : U ^ U' such that J-{t) = T. 

Therefore two co-CR quaternionic vector spaces are isomorphic if and only if there 
exists an isomorphism, which intertwines the conjugations, between their holomorphic 
vector bundles. Furthermore, for any positive integer k there exists a nonempty finite set 
of isomorphism classes of co-CR quaternionic vector spaces {U,E,p) with dimii^ = 4fc. 

Proof. Let {U,E,p) and {U',E',p') be co-CR quaternionic vector spaces and let let 
U and W , respectively, be their holomorphic vector bundles. Let T : U ^ W he a 
morphism of holomorphic vector bundles which intertwines the conjugations. Then 
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T induces, through the isomorphisms U'^ = H^{Z,U) , U"^ = H^{Z' ,U') , a hnear 
map t : U U' . Furthermore, t satisfies the dual of assertion (ii) of Proposition 14.31 
(with respect to the identity map of CP^). Thus, t is co-CR quaternionic linear and, 
obviously, J-{t) = T ■ The last assertion follows from Proposition 14.71 . below. □ 

Proposition 4.7. Let {U,E,p) be a co-CR quaternionic vector space and letlA he its 
holomorphic vector bundle, dimE = Ak, dim(ker/3) = /. 

Then lA = ®j=i , where ai, . . . ,0^+1 are nonnegative integers satisfying the 

relations X]j=i = '2k — I and — moreover, Oj is even if j is odd. Con- 

versely, any holomorphic vector bundle of this form corresponds to a co-CR quaternionic 
vector space. 

Proof. As {Z, U) = , from the theorem of Birkhoff and Grothendieck (see |S] ) it 
follows that U = 0j=_iajO(j) for some nonnegative integers a_i, ao,...,a,.. Let 
Ji,...,Jp G Z be distinct, (p > 1). Under the isomorphism U'^ = H^{Z,U) the 
complex vector space Cl^^i p{E'^p^ corresponds to the space of holomorphic sections of 
U which are zero at Ji, . . . , Jp . Consequently, the complex dimension of 0^=1 p{E'^'') 
is equal to ho(^Z,U ® 0{—p)) , where ho = dimcH^. Hence, 

r r 

(4.2) ho{Z,U®0{-\))=Y^3a^ = 2k , /io(^,^ C'(-2)) = J]](j - l)aj = Z . 

j=i i=2 
The second relation of (|4.2p implies that r — 1 <l. By combining the first relation of 
(|4.2p with the fact that the degree of U. is Yl^j=-ij'^j ~ 2^ we obtain a_i = 0. Now, 
from (j4.2p and the fact that the complex rank of U is X]j=o = 2A; — / we obtain 
oo = . The fact that aj is even if j is odd follows from [201 (10.7)] . 

The last statement is an immediate consequence of Example 14.91 . below. □ 

The duals of Theorem 14.51 and Proposition 14.71 can be easily formulated. 
The definition of (co-)CR vector subspace can be easily extended to give the corre- 
sponding notion of (co-)CR quaternionic vector subspace. 

Remark 4.8. Let k and / be positive integers, / < 2k. The set of CR quaternionic 
vector spaces {U,M'',i) with codimC/ = I is a Zariski open set (possibly empty) of the 
(real) Grassmannian Gr4fc_/(El'^) . 

Now, we give examples of holomorphic vector bundles of (co-)CR quaternionic vector 
spaces. 

Example 4.9. 1) Let (U, E, V) be an /-quaternionic vector space, dimE = 4/c, diml/ = 
I ; let U be the holomorphic vector bundle of the associated co-CR quaternionic struc- 
ture. From Proposition 13.81 and the proof of Proposition 14.71 we obtain ho{Z,L{ ^ 
0{—3)) = X]j=3(j — 2)aj = 0. Consequently, = ••• = a^+i = , 02 = / and 
ai = 2{k - I) . Thus U = 2{k- l)0{l) / 0{2) . 

2) Let {U, E, p) be a co-CR quaternionic vector space whose holomorphic vector 
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bundle lA has complex rank 1 ; equivalently, 2k — I = \. Then U = 0{2k) . Thus, the 
holomorphic vector bundle of the CR quaternionic vector space (?7jt_i, H'^) of Exam- 
ple [3i6]^l) is 0{—2k). Moreover, from Theorem 14.61 and [20, (10.7)] , we obtain that 
([/, E, p) is isomorphic, as a co-CR quaternionic vector space, to the dual of (?7jt_i, H^) . 

3) It is straightforward to show that the holomorphic vector bundle of the CR quater- 
nionic vector space ([/^, M^'^+i) of Example [321^2) is 2C'(-2A; - 1) , (fc > 0) . 

4) Let Ui and U2 be co-CR quaternionic vector spaces, and let Zi and Z2 be the 
spaces of admissible linear complex structures of the corresponding quaternionic vector 
spaces, respectively. Then any orientation preserving isometry Zi = Z2 determines 
a unique linear co-CR quaternionic structure on Ui © U2 which restricts to the given 
linear co-CR quaternionic structures on Ui and U2 ■ The resulting co-CR quaternionic 
vector space is called the direct sum (product) of the co-CR quaternionic vector spaces 
Ui and U2 , with respect to the isometry Zi = Z2 ■ Let lAi and hl2 be the holomorphic 
vector bundles of Ui and U2 , respectively. Then Ui © U2 is the holomorphic vector 
bundle of C/i © C/2 • For example, 20{\) © C(4) is the holomorphic vector bundle of 
in © [/*, where U is the CR quaternionic vector space of Example 13.41 ^1) . Similarly, 
0(2) © 0(4) is the holomorphic vector bundle of ImH © U* . 

In the following classification result, the notations are as in Example 13.61 . 

Corollary 4.10. Let U he a CR quaternionic vector space. Then there exists a CR 
quaternionic linear isomorphism between U and a direct sum in which each term is of 
the form Uk or C/^ for some natural number k ; moreover, the terms are unique, up to 
order. 

Furthermore, let Wn be the CR quaternionic vector subspace of U corresponding to 
the direct sum of all terms up to C/(n/2)-i or t^(„_i)/2 ' (according to n even or odd, 
respectively, (n > 1) . Then the filtration {Wn}n>i is canonical (that is, it doesn't 
depend on the isomorphism); moreover, 

(4.3) Wi=[^J{U) , W2 = unY,i{{~]J{u)) ■ 

J&Q leQ ■J'^Q 

Proof. This follows quickly from Theorem l4.6l . Proposition l4.7l . Example l4.9l . |8, Propo- 
sition 2.4] and Appendix [B]. □ 

The dual of Corollary 14.101 can be easily formulated; note that, the dual of ()4.3p 
gives the last two terms of the corresponding canonical filtration. 

Remark 4.11. The fairly well known notion of hypercomplex linear map (see [2] ) 
admits natural generalizations to the notions of hyper- CR and hyper- co-CR linear map. 
For example, the inclusion ImH — >■ H is hyper-CR whilst the projection H — >■ ImH is 
hyper-co-CR. 

The following result will be used later on. 
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Proposition 4.12. Let (U,E,l) be a CR quaternionic vector space. Then for any 
a £ U* \ {0} there exist J € Z and u,v £ U (1 J{U) such that a{u)a{v) < . 

Proof. Obviously, U n J{U) = U-^ + lP , {J e Z) . Hence, we have to prove that 
Ujgz(^'^ + C/'^) is not contained by a subspace of codimension one of U. Note that, 
by duahty, this is equivalent to the fact that for any co-CR quaternionic vector space 
{U,E,p) we have fljezl^"^ U-^)= {0} . Now, if U is the holomorphic vector bundle 
of {U,E,p) then u G Cljszi^'^ ^ o'^^y ^ corresponds to a holomorphic 

section of lA which is zero at any J G Z; equivalently, u = . □ 

Remark 4.13. The co-CR quaternionic and CR quaternionic vector spaces define 
augmented and strengthen EI -modules, in the sense of [11] and , respectively. How- 
ever, the associated holomorphic vector bundles introduced by us are different from the 
sheaves introduced in . 

5. /-Quaternionic linear maps 

Definition 5.1. Let {U, E, V) and {U', E', V') be /-quaternionic vector spaces and let 
t : U ^ U' andT : Z ^ Z' he maps. Then t : {U, E, V) ([/', E', V) is f -quaternionic 
linear, with respect to T , if there exists a linear map t : E ^ E' which is quaternionic, 
with respect to T, and such that i' ot = to l and p' ot = to p , where l : U E and 
l' : U' ^ E' are the inclusions whilst p : E ^ U and p' : E' ^ U' are the projections. 

Let (U, E, V) be an /-quaternionic vector space. Denote hy l : U E the inclusion 
and hy p : E ^ U the projection; also, let F'^ be the linear /-structure on U induced 
by {t,p, J) , {J G Z) . The following result follows quickly from Propositions 12.31 14.31 . 

Corollary 5.2. Let {U,E,V) and {U' , E' ,V') be f -quaternionic vector spaces. Let 
t : U ^ U' be a nonzero linear map and let T : Z Z' be a map. 
Then the following assertions are equivalent: 

(i) t is f -quaternionic, with respect to T. 

(ii) T is a holomorphic diffeomorphism and t o F'^ = F^^"^^ o t, for any J G Z . 
Furthermore, if assertion (i) or (ii) holds then there exists a unique linear map t : 

E ^ E' which is quaternionic, with respect to T , such that l' ot = toL and p' ot = top . 

Let t : {U,E,V) — )• {W , E' ,V') be an /-quaternionic linear map, with respect to 
some map T : Z ^ Z' . If t is injective we say that {U, E, V) is an f -quaternionic vector 
subspace of {U' , E' ,V') . 

Let {U, E, l) and (f/, E, p) be the CR and co-CR quaternionic vector spaces, respec- 
tively, corresponding to {U,E,V) . Also, let {U',E',l') and {U',E',p') be the CR and 
co-CR quaternionic vector spaces, respectively, corresponding to {V , E' ,V') . Then 
([/, E, V) is an /-quaternionic vector subspace of {U', E' , V') if and only if (U, E, l) and 
{U, E, p) are CR and co-CR quaternionic vector subspaces of ([/', £", i') and ([/', £", p') , 
respectively. 
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Proposition 5.3. Let (U, E, V) be an f-quaternionic vector space, dim£^ = 4/c, diml/ = 
/. Then there exists an f-quaternionic linear isomorphism from U onto (ImH)' x H'^^'. 

Proof. With the same notations as in Proposition 13.31 we have U = Q(y) © W. Then 
{QiV), Vi^Q{V),V) and {W, W, {0}) are /-quaternionic vector subspaces of {U, E, V) . 
Obviously, any basis of V and positive orthonormal basis of Q determine an /-quater- 
nionic linear isomorphism Q{V) = (ImH)'. Also, we have W = M^-^ □ 

Proposition 15.31 can be also proved by using Example I4.9l fl) and Corollary 14.101 . 

Now we describe the Lie group G of /-quaternionic linear isomorphisms of (ImH)' x 
H™. For this, let : Sp(l) • GL(k,M) — t- S0(3) be the Lie group morphism defined by 
Pkiq ■A) = ±q, for any q ■ A £ Sp(l) • GL{k,m) , (fc > 1) . Denote 

H = {{A, A') G (Sp(l) • GL(/,BI)) X (Sp(l) • GL{m,m)) \ pi{A) = pm{A') } . 

Then H is a closed subgroup of Sp(l) • GL(/ + m,M) and G is the closed subgroup of 
H formed of those elements {A, A') € H such that A preserves M' C M'. This follows 
from the fact that there are no nontrivial /-quaternionic linear maps from ImH to H 
(and from IH to ImH). Now, the canonical basis of ImH induces a linear isomorphism 
(ImH)' = (M') and, therefore, an effective action a of GL(/,M) on (ImH)'. We define 
an effective action of GL(/,M) x (Sp(l) • GL(m,H)) on (ImH)' x H*" by 

{A,q ■ B){X,Y) = {q{a{A){X))q-\qYB-') , 

for any A G GL(/,IR) ,q-Be Sp(l) • GL(m,H) , X G (ImH)' and Y G H™. 

Proposition 5.4. There exists an isomorphism of Lie groups 

G = GL(/,M) X (Sp(l) • GL(m,H)) , 

given by {A, A') ^ {A\j^i,A') , for any (A, A') G G. 

Ln particular, the group of f-quaternionic linear isomorphisms of (ImH)' is isomor- 
phic to GL(/,M) X S0(3) . 

Note that, the group of /-quaternionic linear isomorphisms of ImH is C0(3) . 

6. CR QUATERNIONIC MANIFOLDS AND THEIR CR TWISTOR SPACES 
All the manifolds are connected and smooth and all the maps are smooth. 

Definition 6.1. A (fibre) bundle of associative algebras is a vector bundle whose typical 
fibre is a (finite-dimensional) associative algebra and whose structural group is the 
group of automorphisms of the typical fibre. 

Let A and B be bundles of associative algebras. A morphism of vector bundles 
p : A ^ B is called a morphism of bundles of associative algebras if p restricted to each 
fibre is a morphism of associative algebras. 
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Definition 6.2. A quaternionic vector bundle over a manifold M is a real vector bundle 
E over M endowed with a pair {A, p) where ^ is a bundle of associative algebras, 
over M, with typical fibre IH and p : A End(S) is a morphism of bundles of 
associative algebras; we say that {A, p) is a linear quaternionic structure on E. If, 
further, A = M x H then E is called a hypercomplex vector bundle. 

Note that an almost quaternionic (resp. hypercomplex) manifold is a manifold M 
whose tangent bundle TM is endowed with a linear quaternionic (resp. hypercomplex) 
structure (see [22], [TO] ) 

Standard arguments (see [10] ) apply to show that a quaternionic vector bundle of 
(real) rank Ak is just a (real) vector bundle endowed with a reduction of its structural 
group to Sp(l) • GL(/c,IH) . Similarly, a hypercomplex vector bundle of rank Ak is a 
vector bundle endowed with a reduction of its structural group to GL(/c,E[) . 

Let [A, p) be a linear quaternionic structure on the vector bundle E. We denote 
Q = piJiaA) , Q = p{A) and by Z the sphere bundle of Q. 

Recall that an almost CR structure on a manifold M is a complex vector subbundle 
C of T'^M such that C nC = {0} . An (integrable almost) CR structure is an almost 
CR structure whose space of sections is closed under the usual bracket. 

Definition 6.3. Let E he a quaternionic vector bundle on a manifold M and let 
i : TM ^ S be an injective morphism of vector bundles. We say that (E, l) is an 
almost CR quaternionic structure on M if {Ex, tx) is a linear CR quaternionic structure 
on TxM, for any x S M. If, further, E is a hypercomplex vector bundle then (E, l) 
is called an almost hyper-CR structure on M. An almost CR quaternionic manifold 
{almost hyper-CR manifold) is a manifold endowed with an almost CR quaternionic 
structure (almost hyper-CR structure). 

If L is an isomorphism then the definition gives the notions (see [TO] ) of almost 
quaternionic and almost hypercomplex structure and manifold. 

Example 6.4. 1) Let (M, c) be a three-dimensional conformal manifold and let L = 
(A^TAf) be the fine bundle of M. Then, E = L® TM is an oriented vector bun- 
dle of rank four endowed with a (linear) conformal structure such that L = {TM)-^. 
Therefore is a quaternionic vector bundle and (M, E, l) is an almost CR quaternionic 
manifold, where i : TM —^Eis the inclusion. Moreover, any almost CR quaternionic 
structure on a three-dimensional manifold M is obtained this way from a conformal 
structure on M. 

2) Let M be a hypersurface in an almost quaternionic manifold N. Then {TN\m, /-) 
is an almost CR quaternionic structure on M, where l : TM — )• TN\m is the inclusion. 

3) More generally, let N be an almost quaternionic manifold. Let M be a sub- 
manifold of N such that, at some point x G M, we have that {TxM, Ex, ix) is a CR 
quaternionic vector space, where t is the inclusion TM — )■ TN\m- Then, from Remark 
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14.81 it follows that by passing, if necessary, to an open neighbourhood of x in M we 
have that (TA^I^f,/,) is an almost CR quaternionic structure on M. 

Definition 6.5. Let (M, E, l) be an almost CR quaternionic manifold. An almost 
quaternionic connection V on (M, E,l) is a connection on E which preserves Q ; if, 
further, V is torsion-free (i.e., l = 0) then it is a quaternionic connection. 

It is well known that if M is an almost quaternionic manifold endowed with an 
almost quaternionic connection V then the sphere bundle Z of M becomes equiped by 
an almost complex structure , which is uniquely defined and integrable if one uses 
quaternionic connections; {Z,l'^) is the twistor space of M, [22]. 

Now, we introduce a natural almost twistorial structure on any almost CR quater- 
nionic manifold (M, E, l) endowed with an almost quaternionic connection V (see [18] 
for the definition of almost twistorial structures) . 

For any J e Z, let Bj C TfZ be the horizontal lift, with respect to V, of l~^{E-^), 
where E'^ C E^^^j^ is the eigenspace of J corresponding to — i . Define Cj = Bj (B 

(kerdvr)^'', {J € Z) . Then C is an almost CR structure on Z and {Z,M,it,C) is the 
almost twistorial structure of {M^E^t^V). 

The following definition is motivated by Remark 2.10(2) ] . 

Definition 6.6. An (integrable almost) CR quaternionic structure on M is a triple 
(E, L, V) , where {E, l) is an almost CR quaternionic structure on M and V is an 
almost quaternionic connection of (M, E, l) such that the almost twistorial structure 
of (M, V) is integrable (that is, C is integrable). If, further, £^ is a hypercomplex 
vector bundle and V induces the trivial flat connection on Z then (E, l, V) is called 
an (integrable almost) hyper-CR structure on M. A CR quaternionic manifold {hyper- 
CR manifold) is a manifold endowed with a CR quaternionic structure (hyper-CR 
structure). 

From Remark 2.10] it follows that a CR quaternionic (hyper-CR) structure 
{E, L, V) for which l is an isomorphism is a quaternionic (hypercomplex) structure. 
The following result is an immediate consequence of Theorem IC.3I . below. 

Corollary 6.7. Let M be endowed with an almost CR quaternionic structure {E, l) and 
let V be an almost quaternionic connection of (M, E, l) ; denote by E"^ the eigenspace 
of J with respect to -i and let T-^M = r^[E-^) , (J e Z) . 
The following assertions are equivalent: 

(i) The almost twistorial structure of (M, E, l, V) is integrable. 

(ii) r(A2(r^M))c E-^ and R[h?{T-^M)) {E-^) C E-^ , for any J eZ, where T and 
R are the torsion and curvature forms, respectively, of V. 

Theorem 6.8. Let M be endowed with an almost CR quaternionic structure {E, l) , 
rank E = Ak, dim M = Ak — l , {0<l<2k — l). Let V be a quaternionic connection on 
(M, E,l) . If 2k — I ^ 2 then the almost twistorial structure of (M, E, t, V) is integrable. 
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Proof. U2k-l = 1 then, as T-^M is one-dimensional, for any J ^ Z, the proof is an 
immediate consequence of Corohary 16.71 . Assume 2k — I > 3 and note that, as the 
complexification of the structural group of E is Gh{2k, C) • SL(2, C) , we have that, 
locally, E"^ = E' ^cE" where E' and E" are complex vector bundles of ranks 2 and 2k, 
respectively. Moreover, we have V*^ = V (8) V", where V and V" are connections on 
E' and E", respectively. Also, Z = P{E') such that \i J ^ Zx corresponds to the line 
[n] E P{E'x) then the eigenspace of J corresponding to — i is equal to {u®v\v & E'^} , 
(x G M) . Then assertion (ii) of Corollarv 16.71 holds if and only if R'{X,Y) € [u] , for 
any u e E'^X {0} and X,Y e T^M, such that l{X),l{Y) e {u0v\v e E'^} , (x € M) , 
where R' is the curvature form of V. The proof now follows quickly from the Bianchi 
identity R A l = , by using that dim(t-i {{u v \ v £ E'^})) > 3, {x e M) . □ 

Example 6.9. 1) Let (M, c, D) be a three-dimensional Weyl space; that is, (M, c) is a 
conformal manifold and D is a torsion free conformal connection on it. With the same 
notations as in Example I6.4r i) , let be the connection induced by D on L . Then 
is a quaternionic connection on (M, E, l) ; in particular, (M, E, i, V) is a 
CR quaternionic manifold. 

2) If in Examples 16.4( 2) and 16. 4f 3) we assume N quaternionic then we obtain exam- 
ples of CR quaternionic structures. 

7. Quaternionic manifolds as heaven spaces 
We recall the following definition (see , |21] ). 

Definition 7.1. Let (M,C) be a CR manifold, dimM = 2k - I , rankC = k-l. 

1) (M, C) is called realizable if M is an embedded submanifold, of codimension I , of 
a complex manifold N such that C = T^M n {T°'^N)\m- 

2) (M, C) is called locally realizable if each point of M has an open neighbbourhood 
U such that {U,C\u) is realizable. 

Note that, by |3i Proposition 1.10] , in Definition 17.1( 2) the codimension condition 
is superfluous. 

Definition 7.2. Let (M, i?, t, V) be a CR quaternionic manifold and let {Z,C) be its 
twistor space. We say that (M, E, l, V) is realizable if M is an embedded submanifold 
of a quaternionic manifold N such that E = TN\m, as quaternionic vector bundles, 
and C = T'^Z n {T^'^Zn)\m, where Zn is the twistor space of A^. 

Theorem 7.3. Let {M, E, i,'V) be a CR quaternionic manifold and let {Z,C) be its 
twistor space. Then the following assertions are equivalent: 

(i) (M, E, i, V) is realizable. 

(ii) {Z,C) is locally realizable. 

Proof. As the implication (i)^^(ii) is trivial, it is sufficient to prove (ii)^=>(i) . If (ii) 
holds then, by using Proposition 14.121 and an argument as in the proof of Theorem 
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IC.3I . we obtain that the criterion mentioned in [21j Theorem 3.7] can be apphed to 
obtain that any (local) CR function on (Z, C) can be locally extended to a holomorphic 
function. Then the proof of [31 Theorem 1.12] can be easily adapted to obtain that 
{Z,C) is a closed embedded submanifold, of codimension / , of a complex manifold Zi 
such that C = T'^Z n {T^'^Zi)\z, where dimM = — I , rankS = Ak; in particular, 
dime Zi = 2A; + 1 . Furthermore, the fibres of vr : Z — )• M are complex projective 
lines embedded in Zi as complex submanifolds with normal bundle 2A;0(1) . Then, |14j 
and |2H Proposition 2.5] implies that M is a submanifold of a complex manifold A^i , 
dime A'^i = 4:k , which parametrizes a holomorphic family of complex projective lines 
which contains {7r~^(x)}x-eM- Let t : Z ^ Z he defined by t(J) = —J, ( J G Z) . Then 
r is a diffeomorphism and t(C) = C. Therefore, by passing, if necessary, to an open 
neighbourhood of Z in Zi , we may suppose that r extends to an anti-holomorphic 
diffeomorphism ti : Zi Zi . Furthermore, by applying jl4j we obtain that we may 
suppose that ti induces an anti-holomorphic diffeomorphism a of A^i . Moreover, as 
the fixed point set of cr is nonempty (M C A^) from [14j it, also, follows that N 
is real analytic and its complexification is A^i ; in particular, dim N = Ak . Then A'^ 
is a quaternionic manifold whose twistor space is Zi . To complete the proof we have 
to show that the map M ^ is a continuous embedding. This is an immediate 
consequence of the facts that Z is embedded in Zi and that the topologies of M and A^ 
are equal to the quotient topologies of Z and Zi with respect to the (open) projections 
Z ^ M and Zi N, respectively. □ 

From the proof of Theorem l7.3l it follows that if a CR quaternionic manifold (M, E, l, V) 
is realizable then the corresponding quaternionic manifold is germ unique, up to a choice 
of a connection; we call, this quaternionic manifold, the heaven space of (M, E, t, V) . 

Corollary 7.4. Any real-analytic CR quaternionic manifold is realizable. 

Proof. As any real analytic CR manifold is realizable |3J , this is an immediate conse- 
quence of Theorem 17.31 . □ 

Corollary 7.5. Let (M, E, LjV) be a CR quaternionic manifold and let {Z,C) be its 
twistor space. If {Z,C) is locally realizable then {M,E,l) admits quaternionic con- 
nections and for any such connection V the twistor space of {M, E, is equal to 
{Z,C). 

Proof. This is an immediate consequence of Theorem 17.31 . □ 

8. CO-CR QUATERNIONIC MANIFOLDS 

An almost co-CR structure on a manifold M is a complex vector subbundle C of 
T^M such that C + C = T^M. An (integrable almost) co-CR structure is an almost 
co-CR structure whose space of sections is closed under the bracket. 
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Example 8.1. Let ip : M ^ {N, J) be a submersion onto a complex manifold. Then 
{dip)~^(T^'^N) is a co-CR structure on M. Moreover, any co-CR structure is, locally, 
of this form. 

The following definition is the dual of Definition 16.31 . 

Definition 8.2. Let be a quaternionic vector bundle on a manifold M and let 
p : E —?■ TM be a surjective morphism of vector bundles. Then {E, p) is called an 
almost co-CR quaternionic structure, on M, if (Ex,Px) is a linear co-CR quaternionic 
structure on T^M, for any x G M . If, further, ii^ is a hypercomplex vector bundle then 
{E,p) is called an almost hyper-co-CR structure on M. An almost co-CR quaternionic 
manifold (almost hyper-co-CR manifold) is a manifold endowed with an almost co-CR 
quaternionic structure (almost hyper-co-CR structure). 

Any almost co-CR quaternionic (hyper-co-CR) structure (E, p) for which p is an 
isomorphism is an almost quaternionic (hypercomplex) structure. 

With the same notations as in Example l6.4l . if (M, c) is a three-dimensional conformal 
manifold then (M, E, p) is an almost co-CR quaternionic manifold, where p : E ^ TM 
is the projection. Moreover, any three-dimensional almost co-CR quaternionic manifold 
is obtained this way. 

Next, we are going to introduce a natural almost twistorial structure on any almost 
co-CR quaternionic manifold (M, E, p) for which E is endowed with a connection V 
compatible with its linear quaternionic structure. 

For any J G Z, let Cj C TfZ be the direct sum of (kerd7r)j and the horizontal 
lift, with respect to V, of p{E'^), where E"^ is the eigenspace of J corresponding to 
— i . Then C is an almost co-CR structure on Z and [Z, M, tt, C) is the almost twistorial 
structure of (M, E, p, V). 

Definition 8.3. An (integrable almost) co-CR quaternionic manifold is an almost 
co-CR quaternionic manifold (M, E, p) endowed with a compatible connection V on £" 
such that the associated almost twistorial structure (Z, M, 7r,C) is integrable (that is, 
C is integrable). If, further, £^ is a hypercomplex vector bundle and the connection 
induced by V on Z is trivial then (M, E, p,'V) is an (integrable almost) hyper-co-CR 
manifold. 

Example 8.4. Let (M, c) be a three-dimensional conformal manifold and let (E, p) be 
the corresponding almost co-CR structure, where E = L(BTM with L the line bundle of 
M. Let Z? be a Weyl connection on (M, c) and, as in Example l6.9f 1) , let V = (BD , 
where is the connection induced by D on L. It follows that (M, E, p, V) is co-CR 
quaternionic if and only if (M, c, D) is Einstein- Weyl (that is, the trace-free symmetric 
part of the Ricci tensor of D is zero). 

Furthermore, let phe a section of L* such that the connection defined by 

D^^Y = DxY + pX XcY 
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for any vector fields X and Y on M, induces a flat connection on L* ^ TM. Then 
(M, E, L, V) is, locally, a hyper-co-CR manifold, where = {D^^)^®D^' , with {Dt")^ 
the connection induced by on L (this follows from well-known results; see |18j and 
the references therein). 

Let r = {Z,M,TT,C) be the twistorial structure of a co-CR quaternionic manifold 
(M, E, p, V) . Recall |18j that r is simple if and only if C n C is a simple foliation (that 
is, its leaves are the fibres of a submersion) whose leaves intersect each fibre of vr at most 
once. Then (T, dip{C)) is the twistor space of r, where : Z — >■ T is the submersion 
whose fibres are the leaves of C DC. 

Example 8.5. Any co-CR quaternionic vector space is a co-CR quaternionic manifold, 
in an obvious way; moreover, the associated twistorial structure is simple and its twistor 
space is just its holomorphic vector bundle. 

Theorem 8.6. Let {M,E,p,'V) be a co-CR quaternionic manifold, lankE = Ak , 
rank(ker p) = I . If the twistorial structure of (M, E, p, V) is simple then it is real 
analytic and its twistor space is a complex manifold of dimension 2k — I + 1 endowed 
with a locally complete family of complex projective lines {Zx}x&M^ ■ Furthermore, for 
any x € M , the normal bundle of the corresponding twistor line is the holomorphic 
vector bundle of (T^M, E^, Px) ■ 

Proof. Let {Z, M, vr, C) be the twistorial structure of (M, E, p, V) . Let (p : Z ^ T 
be the submersion whose fibres are the leaves of C n C. Obviously, dip(C) defines a 
complex structure on T of dimension 2k — I + 1 . Furthermore, if for any x € M we 
denote Zx = ip{'ir^^{x)) then Zx is a complex submanifold of T whose normal bundle 
is the holomorphic vector bundle of (TxM, Ex, Px) ■ The proof follows from [H] , [2H 
Proposition 2.5] and Proposition 14.71 . □ 

Proposition 8.7. Let (M, E, p,V) be a co-CR quaternionic manifold whose twistorial 
structure is simple; denote by ip : Z ^ T the corresponding holomorphic submersion 
onto its twistor space. Then {M,E, p,'S/) is hyper-co-CR if and only if there exists a 
surjective holomorphic submersion tp : T ^ CP^ such that the fibres ofipoip are integral 
manifolds of the connection induced by V on Z . 

Proof. Denote by ^ the connection induced by V on Z . Then ^ is integrable if and 
only if d(/?(^) is a holomorphic foliation on T; furthermore, this foliation is simple if 
and only if E is hypercomplex and ^ is the trivial connection on Z . □ 

9. /-Quaternionic manifolds 

Let F be an almost /-structure on a manifold M; that is, F is a field of endomor- 
phisms of TM such that F^ -\- F = . Denote by C the eigenspace of F with respect to 
— i and let P = C © kerF. Then C and T> are compatible almost CR and almost co-CR 
structures, respectively. An (integrable almost) f -structure is an almost /-structure for 
which the corresponding almost CR and almost co-CR structures are integrable. 
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Definition 9.1. An almost f -quaternionic structure on a manifold M is a pair (E, V) , 
where E is a quaternionic vector bundle on M and TM and V are vector subbundles 
of E such that E = TM © V and J{V) C TM, for any J £ Z. An almost hyper- f- 
structure on a manifold M is an almost /-quaternionic structure {E, V) on M such that 
E \s a. hypercomplex vector bundle. An almost f -quaternionic manifold {almost hyper- 
f -manifold) is a manifold endowed with an almost /-quaternionic structure (almost 
hyper-/-structure) . 

With the same notations as in Definition 19.11 . an almost /-quaternionic structure 
(almost hyper-/-structure) for which V is the zero bundle is an almost quaternionic 
structure (almost hypercomplex structure). 

Let k and I be positive integers, k > I, and denote by G^^i the group of /-quaternionic 
linear isomorphisms of (ImH)' x M^~K The next result follows from the description of 
Gk^i given is Section [5]. 

Proposition 9.2. Let M be a manifold of dimension Ak — I. Then any almost f- 
quaternionic structure (E, V) on M , with rank E = Ak and rank V = I , corresponds to 
a reduction of the frame bundle of M to Gk,i ■ 

Furthermore, if {P, M,Gk^i) is the reduction of the frame bundle of M , corresponding 
to {E, V) , then V is the vector bundle associated to P through the canonical morphism 
of Lie groups Gk.i — ?• GL(Z,]R) . 

Example 9.3. 1) A three-dimensional almost /-quaternionic manifold is just a (three- 
dimensional) conformal manifold. 

2) Let be an almost quaternionic manifold endowed with a Hermitian metric and 
let M be a hypersurface in N. Then {TN\M,iTM)-^) is an almost /-quaternionic 
structure on M. 

Obviously, any almost /-quaternionic structures {E, V) on a manifold M corresponds 
to a pair (E, l) and {E, p) of almost CR quaternionic and co-CR quaternionic struc- 
tures on M, where l : TM — > E and p : E ^ TM are the inclusion and projection, 
respectively. 

Definition 9.4. Let (M, E, V) be an almost quaternionic manifold. Let [E, l) and 
{E, p) be the almost CR quaternionic and co-CR quaternionic structures, respectively, 
corresponding to [E, V) . Let V be a connection on E compatible with its linear quater- 
nionic structure and let r and Tc be the almost quaternionic structures of (M, E, l, V) 
and (M, E, p, V) , respectively. We say that (M, E, V, V) is an f -quaternionic manifold 
if the almost twistorial structures r and Tc are integrable. If, further, E is hypercom- 
plex and V induces the trivial flat connection on Z then (M, EjVjV) is an (integrable 
almost) hyper- f -manifold. 

Let (M, E, V, V) be an /-quaternionic manifold and let Z and Zc be the twistor 
spaces of r and Tc , respectively (we assume, for simplicity, that Tc is simple). Then Z 
is called the CR twistor space and Zc is called the twistor space of (M, E, V, V) . 
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Let (M, E, V) be an almost /-quaternionic manifold and let V be a connection 
on E compatible with its linear quaternionic structure. Let C and V be the almost 
CR and almost co-CR structures on Z determined by V and the underlying almost 
CR quaternionic and almost co-CR quaternionic structures of (Af , E, V) , respectively. 
Then C and V are compatible; therefore (M, E, V, V) is /-quaternionic if and only if 
the corresponding almost /-structure on Z is integrable. 

Let be (M, E, V) an almost /-quaternionic manifold, rank E = Ak , rank V = I , and 
D some compatible connection on M (equivalently, D is a linear connection on M which 
corresponds to a principal connection on the reduction to Gk,i , of the frame bundle 
of M, corresponding to {E,V)). Then D induces a connection on V. Moreover, 
V = © D is compatible with the linear quaternionic structure on E. 

Corollary 9.5. Let (M, E, V, V) be an f -quaternionic manifold, ranki? = 4/c , rankl/ = 
/ , where V = (BD for some compatible connection D on M. Denote by r and Tc the 
associated twistorial structures. Then, locally, the twistor space of (M, Tc) is a complex 
manifold, of complex dimension 2k — I + 1 , endowed with a locally complete family of 
complex projective lines each of which has normal bundle 2{k — 1)0{1) © / 0{2) . 

Furthermore, if (M, E, V, V) is real analytic then, locally, there exists a twistorial 
map from the corresponding heaven space N , endowed with its twistorial structure, to 
(M, Tc) which is a retraction of the inclusion M N. 

Proof. By passing to a convex open set of D, if necessary, we may suppose that Tc is 
simple. Thus, the first assertion is a consequence of Theorem 18.61 and Example 14.91 . 
The second statement follows from the fact that there exists a holomorphic submersion 
from the twistor space of A^, endowed with its twistorial structure, to the twistor space 
of (M, Tc) , which maps diffeomorphically twistor lines onto twistor lines. □ 

Note that, if dimM = 3 then Corollarv 19.51 gives results of [15j and [9] . 

Example 9.6. Let M^' = Gr^(/ + 3,M) be the Grassmann manifold of oriented vector 
subspaces of dimension 3 of R'+^, (/ > 1) . Alternatively, M^^ can be defined as the 
Riemannian symmetric space S0{1 + 3)/(S0(/) x S0(3)) . As the structural group of 
the frame bundle of M^' is S0{1) x S0(3) , from Proposition 19.21 we obtain that M^^ is 
canonically endowed with an almost /-quaternionic structure. Moreover, if we endow 
M^^ with its Levi-Civita connection then we obtain an /-quaternionic manifold. Its 
twistor space is the hyperquadric Qi+i of isotropic one-dimensional complex vector 
subspaces of C^"*"^, considered as the complexification of the (real) Euclidean space 
of dimension / + 3 . Further, the CR twistor space Z of M^' can be described as 
the closed submanifold of Qi+i x M^' formed of those pairs {i,p) such that £ C p'^ . 
Under the orthogonal decomposition R'"^^ = M © M'+^, we can embed M^' as a totally 
geodesic submanifold of the quaternionic manifold M^' = GrJ(/ + 4,M) as follows: 
p >-^M.(Bp , (p G M^^) . Recah (see [I^ ) that the twistor space of M^' is the manifold 
Z = Gr2(/ + 4, C ) of isotropic complex vector subspaces of dimension 2 of C'"*"^, where 
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the projection Z — >■ M is given by g ^ p , with q a self-dual subspace of p (in 
particular, p'^ = q(Bq)- Consequently, the CR twistor space Z of M^' can be embedded 
in Z as follows: (£,p) H- q , where q is the unique self-dual subspace of (M 0^)*^ which 
intersects p'^ along i . 

In the particular case I = 1 we obtain the well-known fact (see [3] ) that the twistor 
space of is Q2 (= CP^ x CP^) . Also, the CR twistor space of can be identified 
with the sphere bundle of 0{1) © 0{1) . Similarly, the dual of M^^ is, canonically, an 
/-quaternionic manifold whose twistor space is an open set of Qz+i . 

Example 9.7. Let M be the complex hypersurface of the Grassmannian M of two- 
dimensional complex vector subspaces of C^"'"'"^(= EI"+^) formed of those q £ M which 
are isotropic with respect to the underlying complex symplectic structure u of C^""*"^; 
note that, M = Sp(n + 1)/(U(2) x Sp(n - 1)) is a flag manifold. 

Then M is a real-analytic /-quaternionic manifold and its heaven space is M. Its 
twistor space is M itself, considered as a complex manifold. 

To describe the CR twistor space of M, firstly, recall that the twistor space of M 
is the flag manifold Fi^2n+i(2re + 2, C) formed of the pairs {i,p) with £ and p complex 
vector subspaces of C^""'"^ of dimensions 1 and 2n + 1 , respectively. 

Now, let Z C M X M be formed of the pairs (p, q) such that p Ci q and p Ci q-^ 
are nontrivial and the latter is contained by the kernel of a;|g±, where the orthogonal 
complement is taken with respect to the underlying Hermitian metric of C^""*"^. Then 
the embedding Z — Fi^2n.+i(2n + 2,C) , {p,q) 1-^ {p (1 q,q-^ + p D q) induces a CR 
structure with respect to which Z is the CR twistor space of M. 

Note that, if n = 1 we obtain the /-quaternionic manifold of Example 19.61 with 1 = 2. 

The next example is related to a construction of [23] (see, also, [10^ Example 4.4] ). 

Example 9.8. Let M be a quaternionic manifold, V a quaternionic connection on it 
and Z its twistor space. 

By extending the structural group of the frame bundle (S0((5), Af, S0(3, M)) of Q 
we obtain a principal bundle (ff, M, W/'L'}) ■ 

Let g € 5"^ (C ImH) . The morphism of Lie groups C* H*, o + 6i 1— >■ a — bq induces 
an action of C* on H whose quotient space is Z (considered with its underlying smooth 
structure); denote hy ipq : H Z the projection. Moreover, (H,Z,C*) is a principal 
bundle on which V induces a principal connection for which the (0, 2) component of its 
curvature form is zero. Therefore the complex structures of Z and of the fibres of H 
induce, through this connection, a complex structure Jg on H. 

We, thus, obtain a hypercomplex manifold {H, Ji, Jj, Jk) which is the heaven space 
of an /-quaternionic structure on SO{Q) (in fact, a hyper-/ structure). Note that, the 
twistor space of SO(Q) is CP^ x Z and the corresponding projection from S*^ x SO{Q) 
onto CP^ X Z is given by {q,u) 1— )• {q,ipq{u)) , for any {q,u) E 5^ x S0((5) . 

If M = HP*' then the factorisation through Z2 is unnecessary and we obtain an 
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/-quaternionic structure on S^^~^^ with heaven space M''^^ \ {0} and twistor space 

Let (M, E, V) be an almost /-quaternionic manifold, with rank V = I , and (P, M, Gk^i) 
the corresponding reduction of the frame bundle of M, where rank E = Ak . From 
Proposition 13.31 . TM = iV ®Q)(B W, where W is the quaternionic vector bundle asso- 
ciated to P through the canonical morphisms of Lie groups Gk^i — > Sp(l)-GL(/c— 1, H ) . 
Note that, W is the largest quaternionic vector subbundle of E contained by TM. 

Theorem 9.9. Let {M,E,V) be an almost f -quaternionic manifold and let D be a 
compatible torsion free connection, ranki? = 4fc , rankV = /; suppose that {k,l) ^ 
(2, 2) , (1, 0) . Then (M, E, V, V) is f -quaternionic, where V = ®D. Moreover, W 
is integrable and geodesic, with respect to D (equivalently, DxY is a section ofW, for 
any sections X and Y ofW). 

Proof. Let l : TM E he the inclusion and p : E TM the projection. By 
Proposition 13.3( 1) , we have k > I . It quickly follows that we may apply Theorem 16.81 
to obtain that (M, E, l, V) is CR quaternionic. To prove that (M, E, p, V) is co-CR 
quaternionic we apply Theorem IC. 31 to D. Thus, we obtain that it is sufficient to show 
that for any J G Z and any X,Y,Z E E-' we have R^{p{X), p{Y)){p{Z)) G p{E-^) , 
where E'^ is the eigenspace of J, with respect to — i , and is the curvature form of 
D ; equivalently, for any J e Z and any X,Y,Z£ E-^ we have {p{X), p{Y))Z G E-^ , 
where Py is the curvature form of V. The proof of the fact that (M, E, V, V) is /- 
quaternionic follows, similarly to the proof of Theorem l6.8l . The last statement, follows 
quickly from the fact that (V xJ){Y) is a section of W, for any section J of Z and X, Y 
ofW. □ 

From the proof of Theorem 19.91 we immediately obtain the following. 

Corollary 9.10. Let {M,E,V) be an almost f -quaternionic manifold and let D be a 
compatible torsion free connection, lankE > 8. Then {M,E, p^V) is co-CR quater- 
nionic, where p : E ^ TM is the projection and V = © D. 

Next, we prove two realizability results for /-quaternionic manifolds. 

Proposition 9.11. Let (M, E, V, V) be an f -quaternionic manifold, rank V = 1 , where 
V = © D for some compatible connection D on M. Then (M, E, t, V) is realizable, 
where l : TM E is the inclusion. 

Proof. By passing to a convex open set of D, if necessary, we may suppose that the 
twistorial structure (Z, M, vr, T>) of the co-CR quaternionic manifold (M, E, p) is simple, 
where p : E ^ TM is the projection. Thus, by Theorem l8.6l . we have that (Z, M, vr, T>) 
is real analytic. It follows that is real analytic which, together with the relation 
TM = {V^Q)®W, quickly gives that the twistorial structure {Z, M, vr, C) of (M, E, l) 
is real analytic. By Theorem 17.31 the proof is complete. □ 
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The next result is an immediate consequence of Theorem 19.91 and Proposition 19.111 . 

Corollary 9.12. Let {M,E,V) be an almost f-quaternionic manifold, with rankV = 
1 , rank E > 8 , and let V be a torsion free connection on E compatible with its linear 
quaternionic structure. Then (M, E, l, V) is realizable, where l : TM E is the 
inclusion. 

Proposition 9.13. Let (M, V) he a real analytic f-quaternionic manifold, with 
rank V = 1 , where V = © D for some torsion free compatible connection D on M . 
Let N he the heaven space of (M, E,i,V) , where i : TM E is the inclusion, and 
denote by Z]\r its twistor space. Then is endowed with a nonintegrable holomorphic 
distribution J^f of codimension one, transversal to the twistor lines corresponding to 
the points of N \ M . 

Proof. By passing to a complexification, we may assume all the objects complex ana- 
lytic. Furthermore, excepting Z, we shall denote by the same symbols the corresponding 
complexifications. As for Z, this will denote the bundle of isotropic directions of Q. 
Then any p ^ Z corresponds to a vector subspace E'^ of E. Let ^ be the distribution 
on Z such that is the horizontal lift, with respect to V, of l~^{EP^ , {p £ Z) . As 
(M, E, V, V) is (complex) /-quaternionic is integrable. Moreover, locally, we may 
suppose that its leaf space is Z^- . Let ?^ be the distribution on Z such that, at each 
p £ Z, we have that is the horizontal lift of {Vx^p^)(B Wx , where x = ■k{p) . Define 
J(f = ^ ® ker dvr . Then arguments as in the proof of Theorem IC. 31 . based on the com- 
plex analytic versions of Cartan's structural equations and \\.'6\ Proposition III.2.3] , 
show that is projectable with respect to ^ . Thus, J(f projects to a distribution 
on Z]\j of codimension one. Furthermore, by using again \i?>\ Proposition III. 2. 3] , we 
obtain that M' is nonintegrable. □ 

10. Quaternionic-Kahler manifolds as heaven spaces 

A quaternionic- Kdhler manifold is a quaternionic manifold endowed with a (semi- 
Riemannian) Hermitian metric whose Levi-Civita connection is quaternionic and whose 
scalar curvature is assumed nonzero. 

Let (M, E, L, V) be a CR quaternionic manifold with rank E = dim M + 1 . Let W be 
the largest quaternionic vector subbundle of E contained by TM and denote by I the 
(Frobenius) integrability tensor of W. From the integrability of the almost twistorial 
structure of (M, E, l, V) it follows that, for any J £ Z , the two-form X|^j takes values 
in E"^ /{E"^ n W'^ ) ; as this is one-dimensional the condition T\^j nondegenerate has an 
obvious meaning. 

Definition 10.1. A CR quaternionic manifold (M, E, l, V) , with rankE' = dimM-|-l , 
is nondegenerate if T\ej is nondegenerate, for any J £ Z. 

Let M be a submanifold of a quaternionic manifold N and Z the twistor space of A^. 
Denote by B the second fundamental form of M with respect to some quaternionic 
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connection V on N; that is, B is the (symmetric) bihnear form on M, with values in 
{TN\m)/TM, characterised by B{X,Y) = a{V xY) , for any vector fields X, Y on M, 
where a : TN\m — {TN\m)/TM is the projection. 

Definition 10.2. We say that M is q-umbilical in N if for any J € Z\m the second 
fundamental form of M vanishes along the eigenvectors of J which are tangent to M. 

From [101 Propositions 1.8(ii) and 2.8] it quickly follows that the notion of q-umbilical 
submanifold, of a quaternionic manifold, does not depend of the quaternionic connec- 
tion used to define the second fundamental form. 

Note that, if dimA'^ = 4 then we retrieve the usual notion of umbilical submanifold. 
Also, if a quaternionic manifold is endowed with a Hermitian metric then any umbilical 
submanifold of it is q-umbilical. 

The notion of q-umbilical submanifold of a quaternionic manifold can be easily ex- 
tended to CR quaternionic manifolds. Indeed, just define the second fundamental form 
B of (M, E, t, V) by B{X, Y) = ^ (t{^xY + VyX) , for any vector fields X and Y on 
M, where a : E E/TM is the projection. 

The next result states that for q-umbilical CR quaternionic manifolds (M, E, l, V) , 
with ranki? = dimM-|-l and V torsion free, the nondegeneracy can be expressed solely 
in terms of the second fundamental form. We omit the proof. 

Proposition 10.3. Let (M, E, t, V) be a q-umbilical CR quaternionic manifold, with 
rank E = dim M + 1 and V torsion free; denote by B the second fundamental form of 
(M, E, i, V) . The following assertions are equivalent: 

(i) (M, E, L, V) is nondegenerate. 

(ii) B\w is nondegenerate. 

Theorem 10.4. Let N be the heaven space of a real analytic CR quaternionic manifold 
{M, E, i, V) , with rank E = dim AI + 1 . If M is q-umbilical in N then the twistor space 
Zfyf of N is endowed with a nonintegrable holomorphic distribution ^ of codimension 
one, transversal to the twistor lines corresponding to the points of N\M . Furthermore, 
the following assertions are equivalent: 

(i) is a holomorphic contact structure on Zj^f . 

(ii) (M, E, L, V) is nondegenerate. 

Proof. We may assume V torsion free. Also, as rank E = dim M + 1 , there exists a 
subbundle V of E such that (M, E, V) is an almost /-quaternionic manifold. Then the 
proof of Proposition l9.13] works in this more general well, up to the project ability 

of J(f with respect to Here, by also involving |18|. Proposition 2.6(b)] , we obtain 
that is projectable with respect to ^ if and only if M is q-umbilical in A^. □ 

The next result follows immediately from [T7] and (the proof of) Theorem 110.41 

Corollary 10.5. The following assertions are equivalent, for a real analytic hypersur- 
face M embedded in a quaternionic manifold N: 
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(i) M is nondegenerate and q-umbilical. 

(ii) By passing, if necessary, to an open neighbourhood of M , there exists a metric g 
on N\AI such that {N \ M, g) is quaternionic-Kdhler and the twistor lines determined 
by the points of M are tangent to the contact distribution, on the twistor space of N , 
corresponding to g . 

If dim M = 3 then Corollaries 17.41 and 110.51 give the main result of [E] . Also, 
the 'quaternionic contact' manifolds of [6j (see \I\ ) are nondegenerate q-umbilical CR 
quaternionic manifolds. 

Similarly to the umbilical submanifolds of conformal manifolds, the q-umbilical sub- 
manifolds have nice twistorial properties; however, we will not employ them here. 

Appendix A. Semidirect products of (co-)CR quaternionic vector spaces 

Let {U,E,p) , {U',E',p') and {U" , E" , p") be co-CR quaternionic vector spaces. We 
say that {U,E,p) is a semidirect product of {U',E',p') and {U" , E" , p") if there exists 
a commutative diagram of vector spaces and linear maps, as follows, 



^ kerp" ^ kerp ^ kerp' ^ 

" _ Y ~ " 

^ E" '—^ E ^ E' ^ 

P'\^ P P' ^ 

^ u" — ^ u — ^ u' ^ 

" y 



where T and vr are quaternionic linear, with respect to some maps T" : Z" ^ Z and 
T' : Z Z' , respectively. Note that, this holds if and only if (U" , E" , p") is a co-CR 
quaternionic vector subspace of {U,E,p) and {U',E',p') is the corresponding co-CR 
quaternionic quotient. 

Suppose that {U,E,p) is a semidirect product of {U',E',p') and {U" , E" , p") , U' 7^ 
^ U". Let a : E' E he a quaternionic linear map which is a section of n and 
let r : [/ — 7> U" be a linear map which is a retract of l . Thus, we may identify E = 
E' X E" , as quaternionic vector spaces (where we have used the isometrics Z" = Z = Z' 
corresponding to Zand vf , respectively), and U = U' x U" , as vector spaces. 

Define the linear map a = Topoa:E'^ U" . Then it follows that p : E' x E" 
U' X U" is given by 

(A.l) p{e',e") = [p'{e'),a{e') + p"{e")) , 
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for any e' G E' and e" € E" . 

Conversely, if {U',E',p') and {U" , E" , p") are co-CR quaternionic vector spaces and 
a : E' ^ U" is a linear map then {U,E,p) is a semidirect product of (U' , E' , p') and 
(U" , E" , p") , where E = E' x E" (with respect to some fixed orientation preserving 
isometry Z' = Z"),U = U' x U" and p is given by (jA.ip . 

Furthermore, the semidirect product induced by some other linear map (3 : E' U" 
is isomorphic, as a co-CR quaternionic vector space, to {U, E, p) if and only if 



where if : U' U" is a linear map and tp : E' ^ E \s quaternionic linear (with respect 
to the induced orientation preserving isometry Z' = Z) . 

In particular, U = U' x U" , as co-CR quaternionic vector spaces, if and only if there 
exists a linear map (p : U' ^ U" such that a + ^po p' is co-CR quaternionic linear (with 
respect to the isometry Z' = Z"). 

Now, we characterise the holomorphic vector bundle of a semidirect product of co-CR 
quaternionic vector spaces. 

Proposition A.l. Let U' and lA" he the holomorphic vector bundles of the co-CR 
quaternionic vector spaces {U',E',p') and {U" , E" , p") , respectively. 

Let U he a holomorphic vector hundle over Z {= CP^) endowed with a (real) vector 
hundle automorphism which is antiholomorphic and descends to the antipodal map. 

Suppose that hi is an extension of U' hy lA" such that U" lA and U ^ U' intertwine 
the conjugations and let c he a 1-cocycle with coefficients in ]iom{h(' ,U") , invariant 
under the conjugations, determined hy lA. 

Then lA is the holomorphic vector hundle of a semidirect product of {U' ,E' ,p') and 
{U" , E", p") if and only if, up to a refinement preserved hy the antipodal map, coTZ = 5h , 
for some 0-cochain h with coefficients in ilom{£' ,IA") , invariant under the conjugations, 
where TZ is the twistorial representation of p' . 

Proof. This is straightforward. □ 

The following result gives a necessary and sufficient condition for a semidirect product 
of co-CR quaternionic vector spaces to be trivial (that is, a direct product). 

Corollary A. 2. Let {U,E,p) he a co-CR quaternionic vector space which is a semidi- 
rect product of the co-CR quaternionic vector spaces {U',E',p') and {U" , E" , p") (with 
respect to some orientation preserving isometrics Z' = Z = Z" ). Let lA, lA' and lA" he 
the holomorphic vector hundles of {U, E, p) , {U',E',p') and {U" , E" , p") , respectively. 
Then the following assertions are equivalent: 

(i) {U,E,p) is the direct product of {U',E',p') and {U",E",p") (with respect to 
the given orientation preserving isometry Z' = Z"). 

(ii) The extension — > lA' — > lA — > lA" — > is trivial. 




(5 = a + Lp o p' + p" o il) 
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Proof. Assertion (ii) holds if and only if there exists a section a : U" U of the 
projection U lA" . By replacing, if necessary, a with ^(cj + r o o" o r") , where r and 
t" are the conjugations of U and U" , respectively, we may suppose a real. The proof 
follows from Theorem 14.61 . □ 

In the following result the /-quaternionic vector spaces are considered to be endowed 
with their underlying co-CR quaternionic linear structures. 

Corollary A. 3. Any semidirect product of an f -quaternionic vector space with a co-CR 
quaternionic vector space is trivial. 

Proof. Let Uq and U be the holomorphic vector bundles of an /-quaternionic vector 
space and a co-CR quaternionic vector space, respectively. By Theorem 14.61 and Corol- 
lary if is sufficient to prove that any extension oiUo by U is trivial. 

From Proposition 14.71 and Example 14.9( 1) it follows that there exists an integer 
A; > — 1 such that Hom(i^O)^) = ©j=_i , where a_i , . . . , are nonnegative 

integers. Hence, H^(^Z,'iiom.{UQ,U)) = and the proof is complete. □ 

Dually, we define the notion of semidirect product of CR quaternionic vector spaces. 
Note that, if {U,E,i) is a semidirect product of the CR quaternionic vector spaces 
{U',E',l') and (U" , E" , i") then the dual of {U,E,l) is a semidirect product of the 
duals of {U",E",l") and {U',E',i') , respectively. 

See Example IB. 51 . below, for a nontrivial example of a semidirect product of (co-)CR 
quaternionic vector spaces. 

Appendix B. A characterisation of /-quaternionic vector spaces 

Let E he a vector space endowed with a linear quaternionic structure determined by 
the morphism of associative algebras a : M. ^ End(S) ; denote hy Q = a{lmM) and 
Q = a{U). 

If [/ is a (real) vector subspace of E then fljeg ^i^) is the largest quaternionic 
vector subspace of E contained by U. Dually, j^g is the smallest quaternionic 
vector subspace of E which contains U. We make the following notations 

l£Q J<^Q I&Q J^Q 

Obviously, Ejj and E^ are quaternionic vector subspaces of E and if we denote by 
[7° C E* the annihilator of U then Ejjo = [E^f. 

Now we give a characterisation of /-quaternionic vector spaces. 

Theorem B.l. Let E he a quaternionic vector space. 

For a given vector subspace U ^ E the following assertions are equivalent: 

(i) Eu = E. 

(ii) There exists V C E such that {U,E,V) is an f -quaternionic vector space. 
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For a given vector subspace V E the following assertions are equivalent: 

(i) = {0}. 

(ii) There exists U Q E such that ([/, E, V) is an f-quaternionic vector space. 

Theorem IB . 1 1 follows from the following result. 

Proposition B.2. Let E be a quaternionic vector space and let U Q E be a vector 
subspace. 

(i) Efj is the largest quaternionic vector subspace of E such that there exists V C Ejj 
with (U n Ejj, Efj, V) an f-quaternionic vector space. 

(ii) E^ is the smallest quaternionic vector subspace of E such that there exists V 5 
E'-' with {y/E^ ,E/E^ , {U + E^)/E^^ an f-quaternionic vector space. 

Proof. As assertions (i) and (ii) are dual to each other, it is sufficient to prove assertion 
(i) . Let y be a complement of fljgQ ^i^) CljeQ "^(^) ■ Then 

vnu = vnur\ J{u) = vr\[\ J{u) = {0} . 

J'^Q JeQ 

Also, if J € Q then 

J{V)Cj{f]l{U))^U, 

and, as y C Eu , we also have J{V) C Ejj . Hence, J{V) C U CiEij , for any J ^ Q . By 
definition, Eu is generated, as a quaternionic vector space, by V and Pljeg {'^ Un 
Eu) . Hence, Eu is generated, as a (real) vector space, hy U H Eu and the quaternionic 
vector space generated hy V. It follows that Eu = V Q {U H Eu) . Thus, we have 
proved that {U PI Eu, Eu,V) is an /-quaternionic vector space. Now, let E' C E he 
a quaternionic vector subspace such that {U PI E',E',V') is an /-quaternionic vector 
space, for some complement 1/' of [/ n E' in E'; denote U' = U HE' . From Proposition 
I3.3l it follows E' = Eu' and, as U' C U, we obtain E' C Eu ■ The proof is complete. □ 

Let U he a vector subspace of the quaternionic vector space E and let U' be a 
complement of U (1 Eu in U. Then Eu> = {0} ; equivalently, fljeg J{U') = {0} . 
Indeed, as U' C U, we have Eu' C Eu . Hence, U'r\Eu' Q U'nEu = U'nUnEu = {0} . 
As ([/' n Eu>,Eu>,V') is an /-quaternionic vector space, for some complement V of 
U'r\Eu' in Eu', this implies Eu' = {0} . Similarly, if U" is such that U" + E^ = E 
then E^" = E ; equivalently, T^jaQ J{U") = E. 

Remark B.3. Let {Ua}a be a family of vector subspaces of E such that the sum 
Yla^a direct, where Ea is the quaternionic vector space generated by Ua ■ Then 
^E.c/„ = T.aEu. and = Ea^'''^ ■ 

The following result, in which the /-quaternionic vector spaces are considered to be 
endowed with their underlying (co-)CR quaternionic linear structures, gives a canonical 
direct product decomposition for any (co-)CR quaternionic vector space. 
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Theorem B.4. Any CR quaternionic vector space is the direct product of an f- 
quaternionic vector space and a CR quaternionic vector space (U, E, l) such that Eu = 
{0} . Dually, any co-CR quaternionic vector space is the direct product of an f- 
quaternionic vector space and a co-CR quaternionic vector space {U,E,p) such that 

Proof. From Proposition IB.2( i) it follows that any CR quaternionic vector space is a 
semidirect product of a CR quaternionic vector space and an /-quaternionic vector 
space. By the dual of Proposition IA.3I this semidirect product must be direct. The 
proof now follows from Proposition IB. 2^ 1) and Remark IB. 31 . □ 

Note that, in Theorem IB. 41 . the /-quaternionic factor is canonical, for CR quater- 
nionic vector spaces, whilst for co-CR quaternionic vector spaces the other factor is 
canonical. 

From Corollarv 14. 101 and Theorem IB. 41 we obtain that for the CR quaternionic vector 
spaces of Example 13.61 we have Ejj^ = {0} and Eij/^ = {0},ifA;>l. 

Example B.5. Recall (Example 13. 4l f2l ) that if U is the orthogonal complement of M^-|- 
M(i,j,k) in then {U,M.^) is a CR quaternionic vector space such that iC/njC/nkC/ = 
{0} ; equivalently, Ejj = {0} . Also, if U' is the orthogonal complement of -|- M(i, j) 
in then (C/',E[^) is a CR quaternionic vector space such that U' = U (1 H^, where 
we have identified = x {0} C H^. It follows that (C/, H^) is a semidirect product 
of the CR quaternionic vector space associated to ImH and (C/',EI^). Moreover, as 
Eu = {0} , Theorem IB. 41 implies that this semidirect product is not trivial. Together 
with Proposition 14.71 this implies that the holomorphic vector bundle U of (C/, H^) is 
either 20{—3) or 0(—l) © 0(— 5) . On the other hand, from Proposition lA.ll . and 
Examples SSI 1) and\^2) it follows that U is an extension of 0{-2) by C'(-4) . From 
the fact that the space of holomorphic sections of Hom(C'(— 1), 0(— 2)) is {0} it follows 
quickly that U = 20(— 3) . Hence, U is isomorphic, as a CR quaternionic vector space, 
to U[ of Example EE2) . 

Appendix C. An integrability result 

Let £" be a vector bundle on a manifold M and let a : TM E he a morphism 
of vector bundles. Let (P, M, GL(n,]R)) be the frame bundle of E, where n = rank£^. 
Define an M^-valued one-form on P by 9{X) = (Q;(d7r(X))) , for any u G P and 
X G TuP, where tt : P ^ M is the projection. Then 6 is the tensorial form which 
corresponds to the i?- valued one-form a . 

Let V be a connection on E. 

Definition C.l. The torsion (with respect to of V is the E'-valued two-form T on 
M defined by T = d^a ; if T = then V is called torsion-free. 
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Note that, the tensorial two- form which corresponds to the torsion of V is d6\j^ , 
where C TP is the principal connection corresponding to V (cf. |13] ). 
The next result will be useful later on. 

Lemma C.2. Let uq € P, X G and let u be any (local) section of P tangent to 
X (in particular, u^[uo) — )■ Then for any vector field Y on P, we have 

uo(X(0(y))) =Vd.(x)(a(dvr(y[„(M)))) • 

Proof. Let Y = d7r(y|u(A^)) • Then a{Y) is a section of E and 0(y|u(M)) gives the 
components of a{Y) with respect to u. The proof quickly follows (cf. the relation of 
the Lemma from |13t vol 1, page 115] ). □ 

Let be a complex submanifold of the Grassmannian Grg(C") on which the com- 
plexification G of the structural group of E and V acts transitively {q < n) . 

We shall denote by (P, M, G) the bundle of complex G- frames on E. Let Z = P XqE 
and suppose that the dimension of a~^{p) does not depend oi p € Z. 

Let Co C T'^Z be horizontal (with respect to V) and such that d7rp(Co) = a~^{p), 
for any p £ Z. Define C = Cq (B (ker dTr)'''^, where vr : Z — ?> M is the projection. 

Note that, if the dimension of a~^{p) PI a~^{p) does not depend of p € Z then 
(Z, M, vr, C) is an almost twistorial structure, in the sense of [TB] . 

Theorem C.3. The following assertions are equivalent: 

(i) C is integrable. 

(ii) T(X,Y) G p and R{X,Y){p) C p , for any p £ Z and X,Y £ a^^{p) , where 
T and R are the torsion and curvature forms, respectively, of V. 

Proof. Fix V £ F and let H be the closed subgroup of G which preserves V . Then 
Z = P/H and let ip : P ^ Z he the projection. If we denote ^ = (d^)~^(C) then, 
as ^ is a surjective submersion, C is integrable if and only if & is integrable. Let 
C TP he the principal connection corresponding to V*^ and let J3§(V) C J^'^ be 
such that 3S{y)u is the horizontal lift of a~^(n(y)) , for any u £ P. Then, we have 
^ = ^{V) © (P X [}) © (P X g) , where q and are the Lie algebras of G and H, 
respectively, and we have used that ker dvr = P x g , with n : P ^ M the projection, 
and = g©g (as complex Lie algebras). Note that, Ra{SS{V)) = f^[a~^{V)) for any 
a € G, where R denotes the action of G on P. Also, ^ G f) if and only if A{V) C V 
whilst if j4 G g then ^(V^) = {0} . Thus, by using the same notation for elements of g 
and the corresponding fundamental vector fields, we obtain the following relation (cf. 
[I3l Proposition in.2.3] ): for any A G ©g, 

[A,r{^{v))] <^r{^{A{v) + v)) =T{^{v)) . 

We have thus shown that assertion (i) holds if and only if, for any sections X and Y 
of ^{V), we have that [X, Y] is a section of ^. Let and be the tensorial forms on 
P corresponding to T and R, respectively. By applying [131 Corollary II. 5. 3] , Lemma 
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IC.2I and [151 Proposition 2.6(b)] , we obtain that (i) is equivalent to the condition that 
n{X, y) G f) and Q{X, Y) € V, for any X,Y e S§{V) . The proof follows quickly. □ 

Remark C.4. With notations as in the proof of Theorem 16.81 . the bracket of any 
section of P x f) and the sections of I^(y) which are basic with respect to ip is zero. 
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